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An An example example : : spontaneousspontaneous
geometric visual geometric visual patternspatterns

•• A A beautiful beautiful application of models of application of models of functionalfunctional
architecture architecture concerns entoptic concerns entoptic visionvision
(hallucinations).(hallucinations).

•• Paul Paul BressloffBressloff, Jack Cowan, Martin, Jack Cowan, Martin
Golubitsky Golubitsky ::

•• by encoding the functional architecture of V1by encoding the functional architecture of V1
into the Hopfield equations of a neural net,into the Hopfield equations of a neural net,
one is able to deduce visual morphologicalone is able to deduce visual morphological
patterns.patterns.

•• The key result is that The key result is that these morphologicalthese morphological
structures can be deduced from the encodingstructures can be deduced from the encoding
of the functional architecture of V1 into theof the functional architecture of V1 into the
Hopfield equations of a neural netHopfield equations of a neural net..
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Neural nets and HopfieldNeural nets and Hopfield
equationsequations

•• We will see that We will see that simple simple cells cells of V1 of V1 detect detect aa
preferential preferential orientation orientation at some at some point of point of thethe
visual fieldvisual field..

•• They measureThey measure, , at at a certain a certain scalescale, pairs , pairs ((a, pa, p))
of a spatial (of a spatial (retinalretinal) position ) position aa  and and of a localof a local
orientation orientation pp  at at aa..

•• The authors work in the The authors work in the fibrationfibration

  ππ  ::  VV  ==  RR  ××  SS11  →→  RR

   with local coordinates  (   with local coordinates  (xx, , θθ) () (θθ    ==  the angle ofthe angle of
the orientation the orientation pp).).

•• Let Let aa((xx, , θθ, , tt) be the activity of V1. We look for) be the activity of V1. We look for
the PDE (partial differential equation)the PDE (partial differential equation)
governing the evolution of governing the evolution of a.a.

•• Standard Hopfield equations.Standard Hopfield equations.

•• Let Let uuii  , , ii  ==  1,1, … …,,  N N be formal neurons with activity be formal neurons with activity aaii((tt).).

•• If time and space are discrete, standard HopfieldIf time and space are discrete, standard Hopfield
equations are (local rules of interaction):equations are (local rules of interaction):

where where σσ is a non linear gain function (with is a non linear gain function (with  σ(σ(00))  ==  0)0), , hh an an
external input and external input and wwijij  the weight of the connectionthe weight of the connection
between between uuii  and and uujj..

•• If time is continuous and space discrete, weIf time is continuous and space discrete, we
get a system of get a system of NN ordinary differential ordinary differential
equationsequations  ::
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•• If time and space are continuous, we get aIf time and space are continuous, we get a
partial differential equationpartial differential equation  ::

•• The authors use the following HopfieldThe authors use the following Hopfield
equation :equation :

        where where σσ    is a non linear gain function (withis a non linear gain function (with          σσ     
(0)(0)  ==  00)), , hh an external input and an external input and

is the weight of the connection between theis the weight of the connection between the
neuron neuron vv  ==    ((xx, , θθ)) and the neuron  and the neuron v'v'  ==    ((xx'', , θ  θ  '')), , αα    aa
parameter of decay parameter of decay ((αα    can be takencan be taken  ==  1)1) and  and µµ a a
parameter of excitability of V1.parameter of excitability of V1.

•• The increasing of The increasing of µµ    models an increasing ofmodels an increasing of
the excitability of V1 due  to the action ofthe excitability of V1 due  to the action of
substances on the nuclei which producesubstances on the nuclei which produce
specific neurotransmitters (such as serotoninspecific neurotransmitters (such as serotonin
or noradrenalin).or noradrenalin).

Encoding the functional architecture into theEncoding the functional architecture into the
synaptic weightssynaptic weights

•• We will see that there are two classes ofWe will see that there are two classes of
connections.connections.

•• The local vertical connections inside a singleThe local vertical connections inside a single
hypercolumn hypercolumn yield a term:yield a term:

where where δδ is a  is a Dirac Dirac function imposingfunction imposing

xx =  = xx´́
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•• The lateral horizontal connections betweenThe lateral horizontal connections between
different different hypercolumns hypercolumns yield a term:yield a term:

where the factorwhere the factor

      

imposes imposes θθ    ==  θθ´ ´ and expresses the fact that theand expresses the fact that the
horizontal horizontal cortico-cortical cortico-cortical connections connectconnections connect
parallel pairs.parallel pairs.

•• Moreover, the Moreover, the coaxialitycoaxiality

is expressed by the fact thatis expressed by the fact that

where where eeθθ    is the unit vector in the direction is the unit vector in the direction θθ..

•• As the weights As the weights ww are  are EE(2)-invariant under the(2)-invariant under the
roto-translation roto-translation group of motions of the planegroup of motions of the plane
EE(2), the PDE is itself (2), the PDE is itself EE(2)(2)-equivariant -equivariant ifif
hh  ==  0.0.

•• The The EE(2) action is given for translation (2) action is given for translation yy,,
rotation rotation ϕϕ and reflection  and reflection κκ by by

•• The action on the activity function The action on the activity function aa is is  ::

and on the synaptic weights isand on the synaptic weights is  ::

•• E(2)E(2)-equivariance-equivariance..



5

Dynamically emerging morphologies andDynamically emerging morphologies and
bifurcationsbifurcations

•• We suppose that there exist no externalWe suppose that there exist no external
input, that is input, that is hh  ==  00. For  . For  µµ  ==  00, the state , the state aa  ≡≡   00
is trivially the state of the network and it isis trivially the state of the network and it is
stable.stable.

•• aa  ≡≡   00    is the is the ““ground stateground state””. It can be very. It can be very
complex (complex (endogeneous endogeneous activity, spontaneousactivity, spontaneous
noise, etc.)noise, etc.)

•• Now, the analysis of the PDE shows that, asNow, the analysis of the PDE shows that, as
the parameter the parameter µµ increases, this initial increases, this initial
activation state activation state aa  ≡≡  00 can become unstable and can become unstable and
bifurcate for critical values bifurcate for critical values µµcc     of of µµ..

•• The new stable activation states presentThe new stable activation states present
spatial patterns generated by an spatial patterns generated by an EE(2)(2)
symmetry breaking.symmetry breaking.

•• The bifurcations can be analyzed usingThe bifurcations can be analyzed using
classical methods:classical methods:
–– Linearization of the PDE near the solution Linearization of the PDE near the solution aa  ≡≡  00

and the critical value and the critical value µµcc..
–– Spectral analysis of the Spectral analysis of the linearized linearized equation.equation.
–– Computation of its eigenvectors (Computation of its eigenvectors (eigenmodeseigenmodes).).
–– Hypothesis of periodicity w.r.t. a lattice of Hypothesis of periodicity w.r.t. a lattice of RR..

•• Here are some examples of Here are some examples of eigenmodeseigenmodes..
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Patterns as virtual retinal imagesPatterns as virtual retinal images

•• The last step is to reconstruct fromThe last step is to reconstruct from
eigenmodes eigenmodes in V1 corresponding virtualin V1 corresponding virtual
retinal images.retinal images.

•• For that, we must take into account theFor that, we must take into account the
retinotopic retinotopic conformal map mapping the retinaconformal map mapping the retina
RR on V1. on V1.

•• If we apply the inverse of the conformal mapIf we apply the inverse of the conformal map
to the to the eigenstates eigenstates of the PDE (as if V1 activityof the PDE (as if V1 activity
was induced by a real stimulus) we get quitewas induced by a real stimulus) we get quite
exact models of  exact models of  Klüver's planformsKlüver's planforms..
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NeurogeometryNeurogeometry
•• What I call What I call neurogeometryneurogeometry  concerns theconcerns the

neural implementation of geometricneural implementation of geometric
structures of visual perception.structures of visual perception.

•• It concerns perceptive geometry It concerns perceptive geometry ““from withinfrom within””
(in the sense of (in the sense of GromovGromov) and not 3D) and not 3D
Euclidean geometry of the outside world .Euclidean geometry of the outside world .

•• The general problem is to understand howThe general problem is to understand how
the visual system can be a the visual system can be a neural geometricneural geometric
engineengine..

LimitationsLimitations
•• We focus on V1, bWe focus on V1, but there are of courseut there are of course

many top-down feedbacks from othermany top-down feedbacks from other
areas to V1.areas to V1.

•• Neural implementation varies with speciesNeural implementation varies with species
(rat, ferret, tree shrew, cat, macaque,(rat, ferret, tree shrew, cat, macaque,
man, etc.). The same functionalman, etc.). The same functional
architecture can be implemented inarchitecture can be implemented in
different ways.different ways.

•• Stephen van Stephen van Hooser Hooser on on ““Similarity andSimilarity and
diversity" diversity" of V1 in of V1 in mammals mammals (comparative(comparative
studystudy).).

•• The gross laminar The gross laminar interconnections interconnections and theand the
major major functional responses functional responses are are nearlynearly
invariant: 6 invariant: 6 layerslayers, LGN , LGN projecting mainly projecting mainly onon
the granular the granular 4th layer.4th layer.

•• Three Three principal classes of LGN principal classes of LGN cellscells::
parvocellular parvocellular (P), (P), magnocellular magnocellular (M),(M),
koniocellular koniocellular (K), (K), etcetc..
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•• But But the the fine fine laminar laminar structures are structures are quitequite
differentdifferent..

•• Tree shrew Tree shrew ((TupayaTupaya), ), CatCat, Macaque have, Macaque have
orientation orientation maps with maps with orientationorientation
hypercolumns and hypercolumns and a a functionalfunctional
““horizontalhorizontal”” architecture  architecture connectingconnecting
neurons neurons of of similar similar orientation.orientation.

•• Rat Rat and and Gray Gray squirrel squirrel have not.have not.

• Figure. Orientation simple cells (red) are
absent in macaque 4B and tree shrew layer
4.



9

•• Another Another limitationlimitation. Neural . Neural coding is coding is aa
statistical statistical population population codingcoding and and, for , for eacheach
elementary elementary computation, a lot of computation, a lot of neuronsneurons
are are involvedinvolved..

•• We will We will not not take into account explicitelytake into account explicitely
this redundancy which leads this redundancy which leads to to stochasticstochastic
models.models.

A A typical example typical example ::
Kanizsa illusory Kanizsa illusory contourscontours

•• A A typical example typical example of of the problems the problems ofof
neurogeometry is given neurogeometry is given by by well knownwell known
Gestalt Gestalt phenomena such phenomena such as as Kanizsa illusoryKanizsa illusory
contours.contours.

•• The visual The visual system (V1 system (V1 with some with some feedbackfeedback
from from V2) V2) constructs very constructs very long range long range andand
crisp crisp virtual virtual contours.contours.

•• They can even be They can even be curvedcurved..

•• With the neon effect (watercolor illusion),With the neon effect (watercolor illusion),
virtual contours are boundaries for thevirtual contours are boundaries for the
diffusion of color inside them.diffusion of color inside them.
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–– B. B. PinnaPinna, G. , G. BrelstaffBrelstaff, L. , L. Spillmann Spillmann ((VisionVision
ResearchResearch, 41, 2001)): , 41, 2001)): watercolor watercolor illusion.illusion.

•• Kanizsa Kanizsa subjective contours subjective contours manifest manifest a a deepdeep
neurophysiological phenomenonneurophysiological phenomenon..

•• Here is Here is a a result result of Catherine of Catherine Tallon-Baudry Tallon-Baudry inin
««  Oscillatory Oscillatory gamma gamma activity activity in in humans and itshumans and its
role role in in object representationobject representation  » (» (Trends inTrends in
Cognitive ScienceCognitive Science, 3, 4, 1999)., 3, 4, 1999).

•• Subjects Subjects are are presented with coherent presented with coherent stimulistimuli
((illusory and illusory and real triangles) «real triangles) «  leading leading to ato a
coherent coherent percept percept through through a a bottom-up featurebottom-up feature
binding processbinding process  ».».

•• ««  TimeTime––frequency frequency power of power of the the EEG EEG atat
electrode electrode Cz (Cz (overall average overall average of 8 of 8 subjectssubjects), in), in
response response to to the illusory the illusory triangle (top) triangle (top) and and toto
the no-triangle the no-triangle stimulus (stimulus (bottombottom  ».».

•• ««  Two Two successive successive bursts bursts of of oscillatoryoscillatory
activities were observedactivities were observed..
–– A A first burst at first burst at about 100 ms about 100 ms and and 40 Hz. 40 Hz. It showedIt showed

no no difference between difference between stimulus types.stimulus types.

–– A second A second burst around burst around 280 ms 280 ms and and 30-60 Hz. 30-60 Hz. It isIt is
most prominent most prominent in in response response to to coherent coherent stimuli.stimuli. » »



11

•• Many phenomena are striking.Many phenomena are striking.

•• E.g. for V2 (end stop cells activating theE.g. for V2 (end stop cells activating the
orthogonal direction) the change of orthogonal direction) the change of ““strategystrategy””
between a between a ““diffusion of curvaturediffusion of curvature”” strategy strategy
and a and a ““piecewise linearpiecewise linear”” strategy where the strategy where the
whole curvature is concentrated in a singularwhole curvature is concentrated in a singular
point.point.

•• It is a It is a variational variational problemproblem..

•• BistabilityBistability  : the illusory contour is either a: the illusory contour is either a
circle or a square.circle or a square.

•• The example of The example of Ehrenstein Ehrenstein illusion:illusion:
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•• The explanation of such phenomena isThe explanation of such phenomena is
difficult because they are incredibly longdifficult because they are incredibly long
range w.r.t. the size of individual neurons.range w.r.t. the size of individual neurons.

•• They result from a They result from a local to global integrationlocal to global integration
processing.processing.

•• We have therefore to understandWe have therefore to understand
–– 1. the local detection of local features,1. the local detection of local features,

–– 2.2.  Their integration into global morphologies.Their integration into global morphologies.

Stereo Stereo : : from from 2D to 3D2D to 3D

•• It would be interesting It would be interesting to to construct construct aa
binocular binocular version of version of this sub-Riemannianthis sub-Riemannian
model.model.

•• Explain Explain how how the curvature the curvature of of illusoryillusory
contours contours is converted into the curvature is converted into the curvature of aof a
curved illusory curved illusory surface.surface.
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The retinaThe retina
•• The retina The retina has 5 (3+2) has 5 (3+2) layers layers ::

–– Photoreceptors Photoreceptors ((cones and rodscones and rods););

–– Bipolar cellsBipolar cells;;

–– Ganglion Ganglion cellscells, , whose whose axons are axons are the fibers the fibers of of thethe
optic optic nerve;nerve;

–– Horizontal Horizontal cells cells ((between photorbetween photor..and and bip.) : bip.) : outerouter
plexiform plexiform layer;layer;

–– Amacrine cells Amacrine cells ((between between bip. bip. and gangland gangl.) : .) : innerinner
plexiform plexiform layerlayer

Receptive field and receptiveReceptive field and receptive
profileprofile

•• In In the linear the linear approximation, approximation, gangion cellsgangion cells
operate operate as as filters filters on on the optic the optic signal.signal.

•• Their receptive fields Their receptive fields ((the the bundle ofbundle of
photoreceptors they photoreceptors they are are connected withconnected with) have) have
receptive receptive profiles (transfert profiles (transfert functionfunction) ) with with aa
characteristic shapecharacteristic shape..

•• ON/OFF ON/OFF domainsdomains, , center center VS VS peripheryperiphery
antagonismantagonism..
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•• The RPs operate The RPs operate by by convolutionconvolution on  on the visualthe visual
signal.signal.

•• Let Let II((xx,,  yy))  be the visual be the visual signal (signal (x,x,  yy are  are visualvisual
coordinates coordinates on on the retinathe retina).).

Let Let ϕ ϕ ((x-xx-x00,,  y-yy-y00))  be the be the RP of a RP of a neuron neuron NN
whose whose RF RF is defined is defined on a on a domain domain DD of  of thethe
retina centered retina centered on on ((xx00,,  yy00))..

•• NN  acts acts on on the the signal signal II as a  as a filterfilter  ::

•• A A field field of of such neurons act such neurons act by convolution onby convolution on
the the signal. signal. It is It is a a wavelet analysiswavelet analysis..

I! (x0 , y0) = I( " x , " y )
D
# !( " x $ x0 , " y $ y0)d " x d " y 

I! (x, y) = I( " x , " y )
D
# !( " x $ x, " y $ y)d " x d " y = I *!( )(x,y)

The primary visual The primary visual cortex: areacortex: area
V1V1

•• In In mammals mammals ((especially higher mammalsespecially higher mammals
with with frontal frontal eyeseyes), due to ), due to the optic chiasmthe optic chiasm,,
each visual hemifield projects each visual hemifield projects onto onto thethe
contralateral hemiscontralateral hemispherephere..

•• The fibers from The fibers from nasal nasal hemiretinae hemiretinae cross cross thethe
optic chiasmoptic chiasm, , while the fibers from while the fibers from temporaltemporal
hemiretinaehemiretinae remain  remain on on the ipsilateral sidethe ipsilateral side..
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The retinotopic mapThe retinotopic map
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•• A good model is a wedge-dipole model forA good model is a wedge-dipole model for
V1, V2, and V3V1, V2, and V3

Log[(Log[(ww((zz)+a)/()+a)/(ww((zz)+b)])+b)]

where where ww((zz) wedges the argument.) wedges the argument.

•• LeftLeft  (G) : V1-V2-V3 (Horton & (G) : V1-V2-V3 (Horton & Hoyt Hoyt 1991).1991).

•• RightRight  (H) : fit (H) : fit with with a a wedge-dipole wedge-dipole modelmodel
(Schwartz 2002).(Schwartz 2002).

•• Lines in V1 correspond qualitatively to spiralLines in V1 correspond qualitatively to spiral
on the retina.on the retina.

From retina From retina to LGN to LGN and and V1V1

•• There are to main pathways from the retina toThere are to main pathways from the retina to
LGN and V1 :LGN and V1 :
–– the the parvocellular parvocellular pathway,pathway,

–– the the magnocellular magnocellular pathway.pathway.
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Sommation Sommation non non linéairelinéaireSommation linéaireSommation linéaire
Calcul Calcul de de ∂∂((∆∆GG**II))  //    ∂∂ttCalcul Calcul de de ∆∆GG**II

Détection mouvementsDétection mouvements
((analyse temporelleanalyse temporelle))

Analyseur Analyseur de de contrastescontrastes
spatiaux spatiaux ((formesformes))

Résolution spatiale faibleRésolution spatiale faible,,
résolution temporelle élevéerésolution temporelle élevée

Résolution spatiale elevéeRésolution spatiale elevée,,
résolution temporelle faiblerésolution temporelle faible

Centre large, gradientCentre large, gradient
centre/périph faiblecentre/périph faible

Centre Centre étroitétroit, gradient, gradient
centre/périphérie centre/périphérie fortfort

Vitesse Vitesse de conductionde conduction
rapiderapide

Vitesse Vitesse de conduction de conduction lentelente
Axones Axones largeslargesAxones Axones finsfins
Grande Grande tailletaillePetite Petite tailletaille
PhasiquesPhasiquesToniquesToniques

MagnoMagno  (Y)(Y)ParvoParvo  (X)(X)

V1 simple V1 simple neuronsneurons
•• In In the linear the linear approximation, simple approximation, simple neurons neurons ofof

V1 V1 operate operate as as filters filters on on the optic the optic signalsignal
coming from the retinacoming from the retina..

•• As for ganglion As for ganglion cellscells, , their receptive fieldstheir receptive fields
have have receptive receptive profiles (transfert profiles (transfert functionfunction) ) withwith
a a characteristic shapecharacteristic shape..
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•• We We look look only at the simplest and mostonly at the simplest and most
classical definition classical definition of of the RFs the RFs by by spikingspiking
responses responses (minimal (minimal discharge fielddischarge field).).

•• We donWe don’’t take into account the t take into account the globalglobal
contextual subthresholdcontextual subthreshold activity  activity of of neuronsneurons..

•• We We look look at the simplest at the simplest models.models.

•• For simple For simple cellscells, , RFs RFs are are highly anisotropichighly anisotropic
and elongated along and elongated along a a preferential preferential orientation.orientation.

•• Level curves Level curves of of the receptive the receptive profiles profiles can becan be
recorded recorded ::

•• The receptive The receptive profiles profiles can be modeled eithercan be modeled either
–– by second by second order derivatives order derivatives of of GaussiansGaussians,,

–– or by Gabor or by Gabor waveletswavelets

(real part).(real part).
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•• There is There is a lot of a lot of technical technical discussionsdiscussions
concerning the concerning the exact exact form form of RP.of RP.

•• Richard Young. «Richard Young. «  The Gaussian DerivativeThe Gaussian Derivative
model for model for spatio-temporal spatio-temporal visionvision » », , SpatialSpatial
VisionVision, 14, 3-4, 2001, 261-319., 14, 3-4, 2001, 261-319.
–– ««  The The initial stage of initial stage of processing processing of of receptive fieldsreceptive fields

in in the visual the visual cortex cortex approximates approximates a a ‘‘derivativederivative
analyzeranalyzer’’ that is  that is capable of capable of estimating the estimating the locallocal
spatial spatial and and temporal temporal directional derivatives directional derivatives of of thethe
intensity intensity profile in profile in the visual environmentthe visual environment.. » »

•• HowHow  ??

•• Remind Remind : : the RPs operate the RPs operate by by convolutionconvolution on on
the visual the visual signal signal II((xx,,  yy))..

•• If If ϕ ϕ ((x-xx-x00,,  y-yy-y00))  is the typical is the typical RP of a simpleRP of a simple
neuronneuron, V1 , V1 acts acts by convolution on by convolution on II((xx,,  yy))..

I! (x, y) = I( " x , " y )
D
# !( " x $ x, " y $ y)d " x d " y = I *!( )(x,y)
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•• There exist also There exist also RP of simple RP of simple cells which cells which areare
like third order derivatives like third order derivatives of of Gaussians Gaussians (De(De
AngelisAngelis).).
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•• If If we add we add time (time (spatio-temporal RPsspatio-temporal RPs) ) we findwe find
third third ((and fourthand fourth) ) order derivativesorder derivatives..
–– White noise White noise methodmethod. . Correlation between Correlation between (i)(i)

random sequences random sequences of of flashed bright flashed bright / / dark dark bars bars atat
different different positions, positions, and and ((iiii) ) sequences sequences of of spikesspikes..
The The time time is the correlation delayis the correlation delay..
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•• Example Example of of non non separableseparable spatio-temporal spatio-temporal
RPsRPs: : the the ON/OFF ON/OFF regions evolve and thisregions evolve and this
induces induces a a selectivity selectivity to to movement movement ((velocityvelocity
detectiondetection).).

with with plane (plane (xx,,  tt) ) == plane ( plane (uu, , vv) ) rotated rotated of     of     ππ
/10/10..

Hypercolumns and pinwheelsHypercolumns and pinwheels

•• Drastic Drastic simplificationsimplification : simple  : simple cells cells of V1of V1
detect detect a a preferential preferential orientation.orientation.

•• They measureThey measure, , at at a certain a certain scalescale, pairs , pairs ((a, pa, p))
of a spatial (of a spatial (retinalretinal) position ) position aa  and and of a localof a local
orientation orientation pp  at at aa..

•• Pairs Pairs ((aa,,  pp)) are  are called called in in geometry geometry ““contactcontact
elementselements””..



23

•• For a For a given given position position aa  ==   ( (xx00,,  yy00)) in  in RR, , the the simplesimple
neurons with neurons with variable orientations variable orientations θθ    constituteconstitute
an an anatomically definable anatomically definable micromodule micromodule calledcalled
an an ““hypercolumnhypercolumn””..

•• The hypercolumns associate retinotopically The hypercolumns associate retinotopically toto
each each position position aa of  of the retina the retina RR a full  a full exemplarexemplar
PPaa  of of the space the space PP of orientations  of orientations pp  atat  aa..

The functional The functional architecture ofarchitecture of
area V1area V1

•• SoSo, , this this part of part of the functional the functional architecturearchitecture
implements the implements the fibrationfibration  ππ  ::  RR  ××  P P → →         RR  withwith
base base RR, , fiber fiber PP, , and and total total spacespace  VV  ==  RR  ××  PP..
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•• Fibration Fibration formalizes Hubelformalizes Hubel  ’’s concept ofs concept of
““engraftingengrafting””  ““secundarysecundary”” variables (orientation, variables (orientation,
ocular ocular dominance, dominance, colorcolor, direction of, direction of
movementmovement, , etcetc.) on .) on the the basic basic retinal retinal variablesvariables
((xx,,yy))  ::
–– ««  What the What the cortex cortex does is map does is map not not just two just two butbut

many many variables on variables on its two-dimensional its two-dimensional surface. surface. ItIt
does so does so by by selecting selecting as as the the basic basic parameters theparameters the
two two variables variables that specify the visual fieldthat specify the visual field
coordinates coordinates ((……), ), and and on on this map it this map it engraftsengrafts other other
variables, variables, such such as orientation as orientation and eye preferenceand eye preference,,
by by finer finer subdivisions.subdivisions. » » ( (Hubel Hubel 1988, p. 131)1988, p. 131)

PinwheelsPinwheels

••   The The fibration fibration ππ  ::  RR××PP  → → R R is is of dimension 3of dimension 3
but but is implemented is implemented in neural in neural layers layers WW of of
dimension 2.dimension 2.

•• Hypercolumns Hypercolumns are are geometrically organized geometrically organized inin
2D-pinwheels2D-pinwheels..

•• The The cortical layer cortical layer is reticulated is reticulated by a network ofby a network of
singular singular points points which which are are the centers the centers of of thethe
pinwheelspinwheels..

•• LocallyLocally, , around these singular around these singular points all points all thethe
orientations are orientations are represented represented by by the the rays of arays of a
““wheelwheel””  and the and the local local wheels wheels are are gluedglued
together into together into a global structure.a global structure.

•• The methodThe method  ((Bonhöffer Bonhöffer & & GrinvaldGrinvald, ~ 1990) of , ~ 1990) of inin
vivo vivo optical imagingoptical imaging based  based on on activity-dependentactivity-dependent
intrinsic signals allows intrinsic signals allows to to acquire acquire images of images of thethe
activity activity of of the superficial the superficial cortical cortical layerslayers..

•• Gratings with high contrast Gratings with high contrast are are presented manypresented many
times times (20-80) (20-80) with with e.g. a e.g. a width width of 6.25° for of 6.25° for the darkthe dark
strips and strips and of 1.25° for of 1.25° for the the light light onesones, a , a velocity velocity ofof
22.5°/s, 22.5°/s, different different (8) orientations.(8) orientations.
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•• A A window is opened window is opened in in the skull above the skull above V1 V1 and theand the
cortex cortex is illuminated with is illuminated with orange light.orange light.

•• The The concentration of concentration of deoxy-hemoglobine increasesdeoxy-hemoglobine increases
when neurons when neurons are are activatedactivated. . The The absorptionabsorption
spectrum spectrum of of deoxy-hemoglobin is deoxy-hemoglobin is maximal for maximal for wavewave
lengths lengths about 600about 600  nm.nm.

•• The The change change is only is only about 0.2% about 0.2% and the recordedand the recorded
images must images must therefore be analyzed very carefullytherefore be analyzed very carefully..

•• One One does the summation does the summation of of the the images ofimages of
V1V1 ’ ’s s activity activity for for the different gratings andthe different gratings and
constructs differential maps constructs differential maps ((differencesdifferences
between between orthogonal orthogonal gratingsgratings).).

•• The low frequency The low frequency noise noise is eliminatedis eliminated..

•• The maps The maps are are normalized normalized (by (by dividing thedividing the
deviation deviation relative to relative to the mean the mean value value at eachat each
pixel by pixel by the the global global mean deviationmean deviation).).

•• In In the following picture the the following picture the orientations areorientations are
coded coded by by colors and iso-orientation lines colors and iso-orientation lines areare
therefore coded therefore coded by by monocolor linesmonocolor lines..

•• William William BoskingBosking, , Ying Ying Zhang, Zhang, Brett SchofieldBrett Schofield,,
David David Fitzpatrick Fitzpatrick ((Dpt Dpt of of NeurobiologyNeurobiology, Duke), Duke)
1997, «1997, «  Orientation Orientation Selectivity and theSelectivity and the
Arrangement of Horizontal Connections inArrangement of Horizontal Connections in
Tree Shrew Striate Tree Shrew Striate CortexCortex » », , J. ofJ. of
NeuroscienceNeuroscience, 17, 6, 2112-2127., 17, 6, 2112-2127.
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•• There There are 3 classes of pointsare 3 classes of points  ::
–– regular regular pointspoints  where the where the orientation orientation field is locallyfield is locally

trivial;trivial;

–– singular singular pointspoints  at the center at the center of of the pinwheelsthe pinwheels;;

–– saddle-points localized near the centers saddle-points localized near the centers of of the cellsthe cells
of of the the network.network.

•• Two Two adjacent adjacent singular singular points are of points are of opposedopposed
chiralitychirality  (CW (CW and and CCW).CCW).

•• It is like It is like a a fieldfield  in in WW  generated generated by by topologicaltopological
charges charges with with ««  field linesfield lines  » » connecting connecting chargescharges
of opposite of opposite signsign..

•• In In the following picture the following picture due to due to Shmuel Shmuel ((catcat’’ss
area 17), area 17), the the orientations are orientations are coded coded by by colorscolors
but are but are also represented also represented by by white white segments.segments.

•• We We observe observe very well the two very well the two types of types of genericgeneric
singularities singularities of 1D foliations in of 1D foliations in the the plane.plane.
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•• They They arise arise from the fact thatfrom the fact that, in , in generalgeneral, , thethe
direction direction θθ in V1 of a ray of a  in V1 of a ray of a pinwheel is pinwheel is notnot
the the orientation orientation ppθθ associated  associated to to it it in in the visualthe visual
fieldfield..

•• When the When the ray spins ray spins around the singular around the singular pointpoint
with with an angle an angle ϕϕ,,  the associated the associated orientationorientation
rotates with rotates with an angle an angle ϕϕ /2.  /2. Two diametrallyTwo diametrally
opposed opposed rays correspond to orthogonalrays correspond to orthogonal
orientations.orientations.

•• There There are are two two cases.cases.

•• If If the the orientation orientation ppθθ associated  with the  associated  with the ray ofray of
angle angle θθ  is is ppθθ  ==  αα  ++  θθ/2/2  ((with with pp00  ==  αα ) )  ,,  the twothe two
orientations orientations will be the same will be the same forfor

ppθθ  ==  αα  ++  θθ/2/2 =  = θθ

that is that is for for θθ = 2 = 2αα..

•• As As αα  is defined is defined modulo modulo ππ, , there is only there is only oneone
solutionsolution  : : end end point.point.
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•• If If the the orientation orientation ppθθ associated  with the  associated  with the ray ofray of
angle angle θθ  is is ppθθ  ==  αα  −−  θθ/2,/2,  the two the two orientations orientations willwill
be the same be the same forfor

ppθθ  ==  αα  −−  θθ/2/2 =  = θθ

that is that is for for θθ = 2 = 2αα/3/3..

•• As As αα  is defined is defined modulo modulo ππ, , there there are are threethree
solutions : triple point.solutions : triple point.

The The horizontal structurehorizontal structure
•• The The ““verticalvertical””  retinotopic retinotopic structure structure is is notnot

sufficientsufficient. To . To implement implement a a globalglobal  coherencecoherence,,
the visual the visual system must system must be be able to compareable to compare
two retinotopically neighboring fibers two retinotopically neighboring fibers PPaa  et et PPbb
over two neighboring over two neighboring points points aa  and and bb..

•• This This is is a a problem problem of of parallel parallel transporttransport. . It It hashas
been been found at the empirical level found at the empirical level by by thethe
discovery discovery of of ““horizontalhorizontal””  cortico-corticalcortico-cortical
connections.connections.
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••   Cortico-cortical Cortico-cortical connections are slowconnections are slow
((≈ ≈ 0.2m/s) 0.2m/s) and weakand weak..

•• They connect neurons They connect neurons of of almost similaralmost similar
orientation in orientation in neighboring hypercolumnsneighboring hypercolumns..

•• This This means that the means that the system system is is able to know,able to know,
for for bb  near near aa, if , if the the orientation orientation qq  at at bb  is theis the
same same as as the the orientation orientation pp  at at aa..

•• The retino-geniculo-cortical The retino-geniculo-cortical "vertical""vertical"
connections connections give give an an internalinternal meaning  meaning for for thethe
relations relations between between ((aa,,pp) ) and and ((aa,,qq) () (differentdifferent
orientations orientations pp  and and qq  at the at the samesame  point point aa) .) .

•• The The "horizontal" "horizontal" cortico-cortical connec-tionscortico-cortical connec-tions
give give an an internalinternal meaning  meaning for for the the relationsrelations
between between ((aa,,pp) ) and and ((bb,,pp) () (samesame  orientation orientation pp  atat
differentdifferent  points points aa  and and bb).).
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p

Vertical connections :
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p!q
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Horizontal connections :
a!b
p=q
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•• The next slide The next slide shows how a marker (shows how a marker (biocytinbiocytin))
injected locally  injected locally  in a zone of in a zone of specificspecific
orientation (orientation (green-bluegreen-blue) diffuses via horizontal) diffuses via horizontal
cortico-cortical cortico-cortical connections.connections.

•• The key fact is that the The key fact is that the long rangelong range  diffusion diffusion isis
highly anisotropic and restricted highly anisotropic and restricted to zones ofto zones of
the same the same orientation (orientation (the same colorthe same color) as ) as thethe
initial one.initial one.

•• Moreover cortico-cortical Moreover cortico-cortical connections connections connectconnect
neurons coding neurons coding pairs pairs ((aa,,  pp))  and and ((bb,,  pp))  such thatsuch that
pp  is approximatively the is approximatively the orientation of orientation of the the axisaxis
abab (William  (William BoskingBosking).).
–– ««  The The system of system of long-range long-range horizontal connectionshorizontal connections

can be summarized can be summarized as as preferentially linkingpreferentially linking
neurons with co-orientedneurons with co-oriented, , co-axially alignedco-axially aligned
receptive fieldsreceptive fields  ».».

•• SoSo, , the well known the well known Gestalt Gestalt law law of of ““goodgood
continuationcontinuation””  is neurally implementedis neurally implemented..

Alignement :
a!b

p=q=ab

a b
p p
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•• In In factfact, a certain , a certain amount amount of of curvature iscurvature is
allowed allowed in alignements.in alignements.

•• These experimental results mean essentiallyThese experimental results mean essentially
that the that the contact structurecontact structure  of of the the fibrationfibration
ππ  ::  VV  ==  RR  ××  PP→ → RR  is neurally implementedis neurally implemented..

The The contact structure of V1contact structure of V1

•• We work We work in in the the fibration fibration ππ  ::  VV  ==  RR  ××  PP  →→  RR
with with base base space space RR  and fiber and fiber P P = set of= set of
orientations orientations pp..

•• Over every Over every point point aa  ==  ((x,x,  yy) of ) of RR, , the fiber is thethe fiber is the
set set PPaa  = = PP of  of the the orientations orientations pp  at at aa. A local. A local
coordinate coordinate system for system for VV  is therefore given is therefore given byby
triplets (triplets (x,x,  y,y,  pp).).

•• The The fibration fibration ππ  is is an an idealized idealized model of model of thethe
functional functional architecture of V1.architecture of V1.

•• MathematicallyMathematically, , it can be interpreted it can be interpreted as as thethe
fibration fibration RR  ××  PP11 ( (PP11  ==  projective line), or as projective line), or as thethe
fibration fibration RR  ××  SS11 ( (SS11  ==  unit unit circlecircle), or as ), or as thethe
space space of of 1-jets1-jets of  of curves curves CC in  in RR..

•• If If CC  is curve is curve in in RR (a contour),  (a contour), it can be it can be liftedlifted  to to VV..
The The lifting lifting ΓΓ  is the mapis the map

jj  ::  CC  →→  VV  ==  RR  ××  PP

wich associates wich associates to to every every point point aa of  of CC  the the pairpair

  (  (aa, , ppaa) ) where where ppa a is the is the tangenttangent of  of CC  at at aa..

••   Γ Γ represents represents CC as  as the the enveloppeenveloppe of  of its its tangents.tangents.
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•• Jan Jan Koenderink Koenderink (1987) (1987) strongly emphazisedstrongly emphazised
the the importance of importance of the the concept of jet. concept of jet. WithoutWithout
jets, jets, it is it is impossible to impossible to understand understand how how thethe
visual visual system system could extract geometric featurescould extract geometric features
such such as as the the tangent or tangent or the curvature the curvature of aof a
curvecurve..

–– ««  geometrical features become geometrical features become multilocalmultilocal objects objects, i.e. in, i.e. in
order order to to compute boundary curvature the processor wouldcompute boundary curvature the processor would
have to look have to look at different at different positions positions simultaneouslysimultaneously,,
whereas whereas in in the the case of jets case of jets it could establish it could establish a format a format thatthat
provides the provides the information by information by addressing addressing aa   single location single location..
Routines Routines accessing accessing a single location a single location may aptly be calledmay aptly be called
points points processorsprocessors, , those accessing those accessing multiple locationsmultiple locations
array processorsarray processors. . The difference is The difference is crucial in crucial in the sensethe sense
that that point point processors need processors need no no geometrical geometrical expertise expertise at at all,all,
whereas array processors whereas array processors do (e.g. do (e.g. they they have to know have to know thethe
environment environment or or neighbours neighbours of a of a given given location).location). » »

Fonctionality Fonctionality of jet spacesof jet spaces
•• The functional interest The functional interest of jet of jet spaces is thatspaces is that

they can be implemented they can be implemented by by ““pointpoint
processorsprocessors”” ( (KoenderinkKoenderink)  )  such such as as neuronsneurons..

•• But But then then a a functional functional architecturearchitecture  is neededis needed..

•• Functional Functional architectures of point architectures of point processorsprocessors
can compute features can compute features of of differentialdifferential
geometrygeometry..
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•• The key idea isThe key idea is
–– (1) (1) to to add add new new independent independent variablesvariables  describingdescribing

local local features such features such as orientation.as orientation.

–– (2) to (2) to introduce introduce an an integrability constraintintegrability constraint  toto
integrateintegrate them into  them into global structures.global structures.

•• Neuro-physiologicallyNeuro-physiologically, , this means this means to to addadd
feature detectors and feature detectors and to couple to couple them them via avia a
functional functional architecture in architecture in order order to to ensureensure
bindingbinding..

•• To To every curve every curve CC in  in RR  is associated is associated a a curve curve ΓΓ in in
VV. But . But the the converse converse is is of course of course falsefalse..

•• If If ΓΓ = ( = (aa,,   pp))   ==   ((xx, , yy((xx),),   pp((xx))))  is is a a curve curve in in VV, , thethe
projection projection aa  ==  ((xx, , yy((xx)))) of  of ΓΓ  is is a a curve curve CC in  in RR. But . But ΓΓ
is the is the lifting of lifting of CC  iff iff pp((xx))  ==  y'y'((xx))..

•• This condition This condition is called is called an an integrability integrability conditioncondition..
It says that It says that to to be be a a coherent  curve coherent  curve in in VV, , ΓΓ must must
be be an an integral curve integral curve of of the the contact structure of contact structure of thethe
fibration fibration ππ..
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•• GeometricallyGeometrically, , the integrability the integrability conditioncondition
means the followingmeans the following. Let (. Let (we we suppose suppose xx  is theis the
basic variable)basic variable)

tt  = (= (x,x,  y,y,  pp;;  1,1,  y´,y´,  p´p´))

      be be a a tangent tangent vectorvector  to to VV  at the at the pointpoint

((a,a,  pp))  = (= (x,x,  y,y,  pp).).

   If    If y´ =y´ =  p p we we havehave

tt  = (= (x,x,  y,y,  pp;;  1,1,  p,p,  p´ p´ ).).

•• It is easy It is easy to show to show that this is equivalent that this is equivalent to to thethe
fact that fact that tt  is is in in the the kernelkernel  of of the the 1-form1-form

  ωω  = = dy dy ––  pdxpdx

  ωω   = 0 = 0 means simply means simply pp =  = dydy  / / dxdx..   

•• But But this kernel is this kernel is in in fact fact a a planeplane  called thecalled the
contact planecontact plane of  of VV  at at ((a,a,  pp).).

•• We need the whole We need the whole plane to plane to account account forfor
curvaturecurvature..

•• Indeed, the vertical component Indeed, the vertical component p´p´ of the of the
tangent vector is then the tangent vector is then the curvaturecurvature  ::

pp  ==  y´y´    ⇒⇒    p´p´  ==   y´´ y´´
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•• The The contact structure contact structure is is invariant invariant under theunder the
action of action of the Euclidean the Euclidean group E(2)group E(2) of  of rigidrigid
motions in motions in the the plane, plane, which is the semi-directwhich is the semi-direct
product product of of the the rotation group rotation group OO(2) (2) and theand the
translation group translation group RR22..

•• Let (Let (αα,,  rrϕϕ) an ) an element element of of EE(2). ((2). (αα,,  rrϕϕ) ) acts acts on aon a
point point aa of  of RR by by

((αα,,  rrϕϕ)()(aa))  = = αα  + +   rrϕϕ((aa))

•• If (If (αα,,  rrϕϕ) ) and and ((ββ,,  rrθθ) are 2 ) are 2 elements elements of of EE(2),(2),
their their (non commutative) (non commutative) product is given product is given byby
the the formulaformula  ::

((ββ,,  rrθθ) ) ºº ( (αα,,  rrϕϕ) )   ==   ( (β β   ++    rrθθ((αα)),,  rrθθ+ϕ+ϕ))

•• The The rotationrotation  rrϕϕ acts  acts on on the the fibration fibration VV by by

rrϕϕ((aa,,  θθ)= ()= (rrϕϕ((aa),),  θθ  ++  ϕϕ))

•• This This particular form particular form of action expresses of action expresses thethe
fact that the fact that the alignement of alignement of preferentialpreferential
directions directions is is invariant.invariant.

•• We don't work We don't work in in the the standard standard representationrepresentation
of of EE(2) on (2) on RR but in  but in the representation the representation of of EE(2)(2)
in in VV  ==  RR  ××  P .P .
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Integrability Integrability condition condition andand
Association Association fieldfield

•• The The integrability integrability condition corresponds to condition corresponds to thethe
psychophysical experiments psychophysical experiments on on thethe
association association fieldfield  (David Field, Anthony Hayes(David Field, Anthony Hayes
and and Robert Hess).Robert Hess).

•• They explain experiments They explain experiments on on goodgood
continuation : pop out of a global continuation : pop out of a global curve againstcurve against
a background of a background of randomly distributedrandomly distributed
distractorsdistractors

•• Let Let ((aaii,,  ppii))  be be a set of segments a set of segments embedded embedded in ain a
background of background of randomly distributedrandomly distributed
distractorsdistractors. . The The segments segments generate generate aa
perceptively salient curve perceptively salient curve ((pop-outpop-out) ) iff the iff the ppii
are tangent to are tangent to the curve the curve CC  optimallyoptimally
interpolating between the interpolating between the aaii..

•• This This is is a a discretized discretized version of version of the integrabilitythe integrability
condition.condition.

•• The integrability induces The integrability induces a a bindingbinding  of of the the locallocal
elementselements. . The activities The activities of of the neuronsthe neurons
detecting them detecting them are are synchronized and thesynchronized and the
synchronization induces the synchronization induces the pop out pop out (Singer,(Singer,
Gray, Gray, KönigKönig))..
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Preactivation of a cell (c,p)

ca b

–– ««  Elements Elements are are associated according associated according to jointto joint
constraints constraints of position of position and and orientation.orientation. » »

–– ««  The The orientation of orientation of the elements is locked the elements is locked to to thethe
orientation of orientation of the paththe path; a ; a smooth curve smooth curve passingpassing
through the through the long axis long axis can be drawn between anycan be drawn between any
two two successive successive elementselements.. » »

•• This This is is a a psychophysical psychophysical formulation of formulation of thethe
integrability integrability condition.condition.

•• One must have One must have the following the following type oftype of
horizontal horizontal connectivity connectivity ::

•• But But this is exactly the integrability this is exactly the integrability condition :condition :
the the association association field field ((leftleft) correspond to ) correspond to thethe
simplest integral curves simplest integral curves of of the the contactcontact
distribution (right).distribution (right).
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Curvature and Engel structureCurvature and Engel structure

•• Some experiments Some experiments (Steve (Steve ZuckerZucker) ) seemsseems
to to indicate that there exist indicate that there exist in in the primarythe primary
visual visual cortex cortex curvature detectorscurvature detectors..

•• If If we want we want to model to model this possibilitythis possibility, , wewe
must use must use 2-jets2-jets  spacesspaces and add  and add a newa new
independent independent variable variable K,K,  which will bewhich will be
interpreted interpreted as as the the curvaturecurvature  of of curves  curves  CC
in in the the ((xx, , yy) base plane ) base plane RR..
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Contact structure Contact structure andand
Heisenberg groupHeisenberg group

•• The The contact structure on contact structure on VV  is left-invariant is left-invariant forfor
a group structure a group structure which is isomorphic which is isomorphic to to thethe
Heisenberg groupHeisenberg group  ::

•• If If tt  ==  ((ξ, η, π)) are  are the the tangent tangent vectors vectors ofof
  VV  ==  TT00VV, the Lie algebra of , the Lie algebra of VV has the Lie has the Lie
bracketbracket

•• In In matrix termsmatrix terms, , vv  ==  ((xx,,  yy,,  pp))  and and tt  ==  ((ξ, η, π))

•• Inner Inner automorphism automorphism ::

•• Tangent Tangent map map of of AAvv  at at 0 :0 :

•• This This yields the yields the adjoint adjoint representationrepresentation  of of the the LieLie
group group VV on  on its its Lie Lie algebra algebra VV  ==  TT00V.V.
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•• For the For the coadjoint coadjoint representationrepresentation, take the basis, take the basis
{{dxdx, , dydy, , dpdp}} for the 1-forms of  for the 1-forms of VV* :* :

•• We getWe get

•• OrbitsOrbits  ::
•• If If ββ  ≠≠  00, planes , planes ββ =  = cstcst..

•• If If ββ = 0 = 0, , every every point of point of the the ((αα, 0, , 0, δδ)) plane. plane.

•• Lie Lie algebra  algebra  XX11  ==  ∂∂ xx  ++  pp∂∂ yy    = (= (11,, p p, , 0)0), and, and
XX22  ==  ∂∂ p p = (= (00, , 00, , 1)1), , we we have :have :

[ [ XX1 1 , , XX22  ] =] =      XX3 3 = = ––  ∂∂ yy  = (0, = (0, ––1, 0)1, 0)

((other brackets other brackets = 0= 0).).

•• It is It is essentialessential to  to understand this geometryunderstand this geometry
since it since it drives drives diffusion (diffusion (heat equationheat equation) ) andand
propagation (propagation (wave equationwave equation))  in  V1.  in  V1.

Unitary irreducibleUnitary irreducible
representationsrepresentations

•• Since the sub-Riemannian geometry isSince the sub-Riemannian geometry is
invariant invariant under the under the group structure of group structure of VV, , it isit is
essential to know essential to know the the unitary irreducibleunitary irreducible
representationsrepresentations  ((unirrepsunirreps) of ) of this this group.group.

•• We can adapt We can adapt a a celebrated result celebrated result for for thethe
Heisenberg group Heisenberg group known known as as the the StoneStone  --  vonvon
Neumann Neumann theoremtheorem..

•• The unirreps The unirreps of of VV are  are either either trivial trivial ones ones ofof
dimension 1 dimension 1 multiplying multiplying zz  ∈∈  CC by by

or or infiniteinfinite dimensional ones  dimensional ones operating in operating in thethe
Hilbert Hilbert spacespace
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•• KirillovKirillov  : they correspond to the orbits of the: they correspond to the orbits of the
coadjoint coadjoint representationrepresentation of  of VV..

•• Planes Planes ββ =  = cst cst = = λλ for   for  ββ  ≠≠  00 correspond to correspond to

•• Points of Points of the the ((α = µα = µ, 0, , 0, δ = νδ = ν)) plane for   plane for  β = λβ = λ = 0 = 0
correspond tocorrespond to

Sub-Riemannian geometrySub-Riemannian geometry
•• In In this neuro-geometrical frameworkthis neuro-geometrical framework, , we canwe can

easily intereasily interpret the pret the variationalvariational process giving process giving
rise rise to to illusory illusory contours.contours.

•• The key idea is The key idea is to use a to use a geodesicgeodesic  model inmodel in
the sub-Riemannian geometry associated the sub-Riemannian geometry associated toto
the the contact structure.contact structure.

•• This This deepens the deepens the ““elasticaelastica”” model  model proposedproposed
by David by David MumfordMumford..

•• If If !!    is the contact structure on is the contact structure on VV and if  one and if  one
considers only curves considers only curves ΓΓ in  in VV which are integral which are integral
curves of curves of !! , then metrics  , then metrics gg!!  defined only ondefined only on
the planes of the planes of !!    are called are called sub-Riemanniansub-Riemannian
metrics.metrics.

•• In a In a Kanizsa Kanizsa figure, figure, two pacmen two pacmen of respectiveof respective
centers centers aa  and and bb  with with a a specific specific aperture angleaperture angle
define two elements define two elements ((aa,,  pp))  and and ((bb,,  qq)) of  of VV..

•• An An illusory illusory contour contour interpolating between interpolating between ((a,a,  pp))
and and ((b,b,  qq))  isis
–– 1. a 1. a curve curve CC  from from aa to  to bb in  in RR  with with tangent tangent pp  at at aa  andand

tangent tangent qq  at at bb;;

–– 2. a 2. a curve minimizing curve minimizing an an ““energyenergy”” ( (variationalvariational
problemproblem), ), that is that is a a geodesic geodesic for for some sub-some sub-
Riemannian metricRiemannian metric..
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•• For a model isomorphic to the space of 1-jetsFor a model isomorphic to the space of 1-jets
(the Heisenberg group), (the Heisenberg group), Richard Richard BealsBeals,,
Bernard Gaveau Bernard Gaveau and and Peter Peter Greiner Greiner havehave
solved the problemsolved the problem..

•• They claimed They claimed ::
–– ““The results indicate The results indicate how how complicated complicated a controla control

problem can becomeproblem can become, , even even in in the simplestthe simplest
situation.situation.””

•• In 1977 Bernard Gaveau In 1977 Bernard Gaveau still saidstill said::
–– ““Le problème Le problème variationnel variationnel est le problème deest le problème de

minimiser l'énergie d'une courbe de la variété deminimiser l'énergie d'une courbe de la variété de
base sous la condition de Lagrange que sonbase sous la condition de Lagrange que son
relèvement horizontal est fixé dans le fibré. Cerelèvement horizontal est fixé dans le fibré. Ce
problème semble non étudié.'problème semble non étudié.'””

•• It is natural to take on the contact planes theIt is natural to take on the contact planes the
metric making metric making orthonormal orthonormal their evidenttheir evident
generatorsgenerators  :  :  XX11  ==  ∂∂ xx  ++  pp∂∂ yy  ,,  XX22  ==  ∂∂ pp whose whose
Lie bracket is Lie bracket is [[  XX11,,  XX22  ]=]=    – – XX33  == –  – ∂∂ yy..

•• The structure of geodesics implies that theThe structure of geodesics implies that the
sub-Riemannian sphere sub-Riemannian sphere SS and the wave front and the wave front
WW (geodesics of SR length 1) are rather (geodesics of SR length 1) are rather
strange. We can compute them strange. We can compute them explicitely explicitely (it(it
is a variant of is a variant of Beals Beals et al.et al. computations). computations).
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•• Geodesics are projections on Geodesics are projections on VV  ==  RR33 of of
HamiltonianHamiltonian trajectories of an Hamiltonian  trajectories of an Hamiltonian HH
defined on the cotangent bundle defined on the cotangent bundle T *T *RR33 . .

•• The fundamental problem (compared withThe fundamental problem (compared with
Euclidean geometry) is thatEuclidean geometry) is that  thethe    exponentialexponential
map map EEvv    (the process of integrating(the process of integrating
geodesics starting at geodesics starting at vv) has ) has singularitiessingularities..

•• SphereSphere  SS((vv, , rr) = { ) = { ww :  : dd((vv, , ww) = ) = rr    (geodesics(geodesics
that are global that are global minimizersminimizers))}.}.

•• Wave frontWave front  WW((vv, , rr) = { ) = { ww : :  ∃∃  a geodesica geodesic          γγ :  : vv
→→  ww of length  of length rr (not necessarily a global (not necessarily a global
minimizerminimizer)}.)}.

•• Cut locusCut locus of  of vv =  = { { ww :  : ww end point of a end point of a
geodesic   geodesic   γγ  : : vv  →→  ww which is no longer which is no longer
globallyglobally minimizing }. minimizing }.

•• Conjugate locusConjugate locus of  of vv = =  causticcaustic =  = ΣΣvv = =                {{
singular locus ofsingular locus of  EEvv  }.}.

•• The geodesics are the projections of theThe geodesics are the projections of the
trajectories associated to the Hamiltoniantrajectories associated to the Hamiltonian

which corresponds to the metric makingwhich corresponds to the metric making

an an orthonormal orthonormal basisbasis..
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•• Hamilton equations areHamilton equations are

••   The momenta The momenta ξξ    and and ηη are constant  are constant since since HH
is independent is independent of of xx  and and yy..

•• Lagrangian Lagrangian version :version :

•• ηη is the Lagrange  is the Lagrange multiplicator multiplicator for thefor the
integrability integrability constraintconstraint  ωω = 0. = 0.

•• The integration of theThe integration of the ( (xx, , pp) ) part is the easiestpart is the easiest
((ττ is the end time and  is the end time and xx11, , yy11, , pp11  the end point  the end point
of the geodesic starting at 0).of the geodesic starting at 0).

•• Let Let zz = ( = (xx, , pp)) and write : and write :

•• The Hamilton equations writeThe Hamilton equations write

•• SoSo

••
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•• This This yieldsyields •• The integration of The integration of yy  is much more complex. Itis much more complex. It
yieldsyields

•• The key point is that we have, withThe key point is that we have, with  z =z =
((x, px, p)) and the new variable and the new variable

withwith

•• So geodesics with the So geodesics with the samesame end points end points
correspond to the solutions of the equationcorrespond to the solutions of the equation

µµ((ϕϕ) = ) = cstcst  

•• For instance, for For instance, for xx11  = 2= 2, , pp11  = 4= 4, , yy11  = 104,= 104, we we
find find µµ((ϕϕ))  = 20, which has 11 solutions.= 20, which has 11 solutions.
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•• Projections of geodesics on the (Projections of geodesics on the (xx, , pp) plane) plane
are circlesare circles

with centerwith center

•• To compute the sub-Riemannian sphere andTo compute the sub-Riemannian sphere and
wave front we must compute the sub-wave front we must compute the sub-
Riemannian length Riemannian length LL of geodesics. of geodesics.

••                                                     sincesince    HH =  = cst cst onon
trajectories.trajectories.

•• ButBut

IfIf
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•• We find the fundamental equation (for We find the fundamental equation (for LL = =
√ 2√ 2  ) )

•• And therefore, withAnd therefore, with

zz11 = (| = (|zz11|cos(|cos(θθ), ), ||zz11||sin(sin(θθ)),)),

••

Contact structure Contact structure andand Euclidean Euclidean
groupgroup

•• Alessandro Alessandro Sarti Sarti and Giovanna and Giovanna CittiCitti
emphasized the fact that iemphasized the fact that it is more natural tot is more natural to
work in the work in the fibration fibration ππ  ::  VV  ==  RR  ××  P P →→      RR  with with PP
= = SS11 and with the contact form and with the contact form

    ωω    ==  ––  sin(sin(θθ))dxdx  ++  cos(cos(θθ))dydy

which is which is cos(cos(θθ))((dy dy ––  pdxpdx))

•• (No (No privileged privileged xx-axis-axis))
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•• The The contact planes are contact planes are spanned spanned byby

with with Lie Lie bracketbracket

•• (Tangent (Tangent vectors vectors are are interpreted interpreted as as orientedoriented
derivativesderivatives.).)

•• This This is is a a non-holonomicnon-holonomic  basis.basis.

•• VV  becomes becomes a Lie group a Lie group isomorphic isomorphic to to thethe
Euclidean Euclidean group (group (semi-direct productsemi-direct product))

•• This group This group is is notnot  nilpotent and its nilpotent and its tangenttangent
cone is the cone is the Heisenberg group.Heisenberg group.

•• Left Left invariance :invariance :

left left translates translates into the non-holonomic into the non-holonomic basisbasis

and the covectorand the covector

left left translates translates into the into the contact contact form form ωω  ..

Sub-Riemannian geometry ofSub-Riemannian geometry of
the Euclidean group E(2)the Euclidean group E(2)

•• For the non nilpotent Euclidean group,For the non nilpotent Euclidean group,
Andrei Andrei Agrachev Agrachev and his group at the SISSAand his group at the SISSA
(Yuri (Yuri SachkovSachkov, , Ugo BoscainUgo Boscain, Igor , Igor MoiseevMoiseev))
solved the problem of SR geodesics andsolved the problem of SR geodesics and
Sachkov Sachkov compared it with the compared it with the MumfordMumford’’ss
elastica elastica model.model.
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•• One One works works in in the the fibration fibration VV  ==  RR22  ××  SS11  wherewhere
the Legendrian the Legendrian lifts are solutions oflifts are solutions of  the the controlcontrol
system :system :

•• LetLet

•• The Hamiltonian The Hamiltonian on on T*VT*V for  for geodesics is geodesics is (SEE(SEE
TEXT)TEXT)

•• Hamilton Hamilton equations equations are are thereforetherefore  ::

•• The The system system can be explicitely integrated can be explicitely integrated viavia
elliptic functionselliptic functions..

•• The sub-Riemannian geodesics The sub-Riemannian geodesics are are thethe
projections of projections of the integral curves the integral curves on on VV..

•• ppxx and  and ppyy  are constant. are constant. WriteWrite

((ppxx  ,,    ppyy))  ==  ρρ  expexp((iiββ)) .  . ThenThen

and and HH  yields the first integralyields the first integral  ::

and the and the ODE for ODE for θθ  ((cc  ,,  ρρ  and and ββ  are are cstcst.).)  ::
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•• For For ββ  ==  00 (rotation invariance),  (rotation invariance), the equationsthe equations
become become ::

•• For For ρρ = 1  = 1 ,  ,  φ φ     = = ππ/2/2 –  – θθ  ,,  and and µµ = 2 = 2φ φ     = = ππ   –  – 22θθ, , wewe
get get a a pendulumpendulum equation equation

with first integralwith first integral

•• We We show show the trajectories the trajectories in in the the ((φ φ   , , φ φ   
..
) plane :) plane :

•• AsAs

the the system system can be explicitely integrated can be explicitely integrated viavia
elliptic functionselliptic functions..

•• FF  elliptic integral elliptic integral of of the first kind the first kind of module of module kk

•• EE  elliptic integral elliptic integral of of the the second second kindkind

•• amam  Jacobi amplitude, inverse of Jacobi amplitude, inverse of FF : :ψψ  ==  amam((uu,,  kk))
iff iff uu  ==  FF((ψψ,,  kk)),,

•• Jacobi Jacobi functions functions snsn((uu))  ==  sin(sin(ψψ)),  ,  cncn((uu))  ==  cos(cos(
ψψ)), , dndn((uu))  ==  (1(1––kksinsin22((ψψ))))1/21/2    ..
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•• We get We get for for tt •• For For φ φ   (0)(0)  ==  00 ( (θθ(0) =(0) =  ππ/2), /2), and and cc  >>  11 ( (modulusmodulus
1/1/cc < 1 < 1), ), the pendulum makes complete turnsthe pendulum makes complete turns..

•• •• For For cc  <<  11 ( (modulus modulus 1/1/cc > 1 > 1), ), the pendulumthe pendulum
oscillates between two extremal oscillates between two extremal values     values     ––  φ φ 
exex , +  , + φ φ   exex    with with φ φ   exex = =
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Harmonic analysis and SRHarmonic analysis and SR
geometrygeometry

•• For the Heisenberg group, there are works ofFor the Heisenberg group, there are works of
R. R. BealsBeals, B. , B. GaveauGaveau, P. Greiner, D-Ch, P. Greiner, D-Ch
Chang.Chang.

•• The problem is rather difficult since there areThe problem is rather difficult since there are
cut points in every neighborhood of eachcut points in every neighborhood of each
point and the classical analysis of heatpoint and the classical analysis of heat
equation fails at these singular points (B.equation fails at these singular points (B.
GaveauGaveau, IHP, 26-10-2005)., IHP, 26-10-2005).

The sub-RiemannianThe sub-Riemannian
Heisenberg caseHeisenberg case

•• Gaveau, Gaveau, BealsBeals, , GreinerGreiner, , ChangChang..

•• Coordinates Coordinates ((zz, , tt) in ) in   RR33  ..  Heat equation Heat equation ::

with the sub-Riemannian Laplacianwith the sub-Riemannian Laplacian..

•• Heat kernel Heat kernel ::

withwith

to to be compared withbe compared with

•• As As the the action action ΣΣ  is is complexcomplex, , PP  is is an an oscillatoryoscillatory
integralintegral  if if tt  ≠≠ 0 0 ( (especially when especially when zz = 0 = 0).).

•• OOne must use techniques ne must use techniques such such as as thethe
stationary stationary phasephase  principle principle ((semi-classicalsemi-classical
approximation).approximation).

•• For For ss  →→ 0,  0, the oscillatory integralthe oscillatory integral

  concentrates concentrates onon



54

Non-commutative harmonicNon-commutative harmonic
analysisanalysis

•• To a To a geometry with geodesics geometry with geodesics are are associatedassociated
diffusiondiffusion  processesprocesses..

•• ClassicalClassical heat kernel  heat kernel ::

•• ElementaryElementary  solution in solution in R R 33::

•• Solution ofSolution of

•• Links Links with Euclidean geodesicswith Euclidean geodesics. . These These areare
the the projections on projections on R R 33 of  of the bicharacteristicsthe bicharacteristics
in in the the cotangent bundle.cotangent bundle.

•• The Hamiltonian The Hamiltonian of of the bicharacteristics isthe bicharacteristics is
the symbol the symbol of of the Laplacian the Laplacian ((sum sum of of thethe
squares of squares of the the moments):moments):

•• Hamilton Hamilton equations equations ::

•• Solutions :Solutions :

•• If If thenthen

•• Lagrangian Lagrangian (Legendre (Legendre transform transform of of HH) :) :

•• Action Action integral along integral along a a geodesic geodesic ::
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•• SS  is is a solution of a solution of the Hamilton-Jacobi equationthe Hamilton-Jacobi equation
::

•• Fundamental Fundamental solution (solution (heat kernelheat kernel) :) :

•• General General solution :solution :

•• Recently Recently (2008), Andrei (2008), Andrei AgrachevAgrachev, , UgoUgo
BoscainBoscain, Jean-Paul Gauthier , Jean-Paul Gauthier and and FrancescoFrancesco
Rossi have Rossi have found the heat kernel found the heat kernel for for GG  ==  SESE(2)(2)
((and and all all unimodular unimodular Lie groups Lie groups with with a a left-left-
invariant sub-Riemannian geometryinvariant sub-Riemannian geometry).).

•• The hypoelliptic Laplacian is the sum The hypoelliptic Laplacian is the sum ofof
squares of squares of the bracket generating the bracket generating LieLie
subalgebra subalgebra ::

•• The subriemannian The subriemannian diffusion on  diffusion on  GG  is highlyis highly
anisotropicanisotropic since it is restricted  since it is restricted to an to an angularangular
diffusion of diffusion of θθ  and and a spatial diffusion a spatial diffusion only alongonly along
the the XX11 direction. direction.

•• It is It is a diffusion a diffusion constrained constrained by by the "goodthe "good
continuation" continuation" constraintconstraint..

•• Example Example ::

•• Completion Completion image : Jean-Paul Gauthier.image : Jean-Paul Gauthier.
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•• They They use use the the non-commutative generalizednon-commutative generalized
Fourier Fourier transformtransform  (GFT).(GFT).

•• The The dual dual GG** of  of G G == E E((22))  is the is the set of set of unitaryunitary
irreducible representations irreducible representations of of GG in  in the the HilbertHilbert
spacespace

•• If If the elements the elements of of GG are ( are (new notations !new notations !))

then then   ((theoremtheorem) ) the unirreps the unirreps are are parametrizedparametrized
by a positive real by a positive real λλ : :

•• This This means that means that to to every element every element gg of  of GG one one
associates  associates  an an automorphism automorphism ""λλ((gg) of ) of thethe
Hilbert Hilbert space space ##..

•• Such Such an an automorphism associates automorphism associates to to eacheach
function function ψ  ψ      ((θθ) in ) in ##  another function another function in in ##..

•• There exists There exists a a measure measure on on GG*, *, the the PlancherelPlancherel
measuremeasure, , given given by by dPdP((λλ) = ) = λλddλ , λ , which enableswhich enables
to to make integrationsmake integrations..

•• To To compute the compute the Fourier Fourier transform transform of of the sub-the sub-
Riemannian Laplacian we Riemannian Laplacian we have to look have to look at theat the
action of action of the differential the differential of of the unirreps the unirreps on on thethe
left-invariant vector fields left-invariant vector fields X X given given by by the leftthe left
translation of translation of elements elements ofof  the the Lie Lie algebra algebra gg of of
GG..

•• By By definitiondefinition,,

andand

•• It is easy It is easy to to apply these apply these formulas to formulas to our our case.case.
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•• The The GFT of GFT of the sub-Riemannian Laplacian isthe sub-Riemannian Laplacian is
therefore the therefore the Hilbert Hilbert sum sum ((integral integral on on λλ  withwith
the Plancherel measure the Plancherel measure dPdP((λλ) = ) = λλddλ λ )) of  of thethe

withwith

which is which is Mathieu Mathieu equationequation..

•• The heat kernel isThe heat kernel is

•• But if But if thethe     have have discretediscrete spectrum with  spectrum with aa
complete complete set of set of normalized eigenfunctionsnormalized eigenfunctions

  with eigenvalues    with eigenvalues              then    then
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•• It is the It is the case case herehere. . The The 22ππ-periodic-periodic
eigenfunctions satisfy eigenfunctions satisfy ::

•• As As         this means this means ::

•• The normalized The normalized 22ππ-periodic -periodic eigenfunctions eigenfunctions ofof
the the Mathieu Mathieu equation equation are are knownknown. . They They areare
even even or or odd odd :        :        cecenn((θθ, , qq) ) andand  sesenn((θθ, , qq).).

•• The associated The associated aann((qq) ) andand  bbnn((qq) ) are are calledcalled
characteristic characteristic values.values.

•• There can exist parametric resonanceThere can exist parametric resonance
phenomena phenomena (Arnold (Arnold tonguestongues) ) whenwhen

Direction Direction processes processes in in GG

•• One One can can go go further and further and express express thethe
anisotropy throughanisotropy through  an an angular angular diffusion of diffusion of θθ
and and a spatial advection (a drift a spatial advection (a drift and and no longerno longer
a diffusion) a diffusion) along the along the XX11 direction. direction.

•• Remco Remco Duits, Markus van Duits, Markus van AlmsickAlmsick, , GiovannaGiovanna
Citti and Citti and Alessandro Alessandro Sarti recently developedSarti recently developed
this idea initially this idea initially due to David due to David Mumford Mumford (but(but
Mumford worked Mumford worked in in RR22  and and not in not in GG).).

•• SoSo, one , one considers advection-diffusionconsiders advection-diffusion
equationsequations, , and especially and especially direction direction processesprocesses
in in GG..

•• This This allows allows a a stochastic approach stochastic approach to contourto contour
completioncompletion..
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•• Let Let           be be an initial point in an initial point in GG..

•• WeWe  look look at equations at equations ((with with dtdt  = = dsds))

•• ddθθ/ds/ds is the curvature is the curvature..

•• Whithout Whithout noise, noise, the trajectories the trajectories are straight are straight lineslines
: : coaxialitycoaxiality

•• The evolution equation The evolution equation for for the probability the probability PP((gg,,
tt))  isis

•• If If the the travelling time travelling time decays decays asas

and and   if  if      is is an initialan initial
condition, condition, thenthen

satisfies the equation satisfies the equation ::

•• One One can compute explicitely the can compute explicitely the GreenGreen
function function ( ( UU =  = δδee ). ).

•• To To complete complete a contour, one a contour, one considers twoconsiders two
direction direction processes processes ::
–– a a forward process starting at forward process starting at gg00 = ( = (aa00, , θθ00)),,

–– a a backward process starting at backward process starting at gg11 = ( = (aa11, , θθ11)) . .

and compute the probability and compute the probability of collision ofof collision of
these two random walksthese two random walks..

•• Duits'  image (Duits'  image (fast fast approximation) :approximation) :
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aa00 = (0, 0) = (0, 0), , aa11 = (2, 0.5),  = (2, 0.5), θθ00 =  0°, 15°, 30°  =  0°, 15°, 30° (top to(top to
bottombottom), ), θθ11 =   =  ––15°, 0°, 15° 15°, 0°, 15° ((left left to right),  to right),  σσ = 1 = 1, , αα = =
22. Marginal distributions (. Marginal distributions (integral over integral over θθ of  of thethe
product product of of the forw/backw the forw/backw solutions)solutions)


