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Abstract
We present a historical survey of the way Neurogeometry links the modelling of the functional
architectures of primary visual areas with sub-Riemannian geometry.
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Introduction

In the 1990s, we coined the expression “neurogeometry of vision” to refer to geometrical models of
the functional architecture of primary visual areas. The very particular connectivity of the functional
neuroanatomy of these areas explains the geometry of percepts and must therefore be implemented in
the synaptic weights of the neural nets used for modelling.
The term “neurogeometry” (of vision) presents two complementary aspects.
1. The geometry of (visual) perception described, but not modelled, since the times of Goethe,
Helmholtz, Hering, Brentano, Poincaré, Husserl and Gestalttheorie (von Ehrenfels, Wertheimer,
Stumpf, Koffka, Köhler, Klüver, etc.), from Kanizsa to Marr in psychology, from Evans to Peacocke or McDowell in philosophy of mind. We will use the expression “perceptual geometry” for
its description. It must be emphasised that, until the 1960s, a relevant mathematical perceptual
geometry was essentially lacking.
2. Strictly speaking the term “neurogeometry” concerns mathematical models for the neural algorithms processing perceptual geometry.
Now, we will see that these mathematical models of neural implementation are also geometrical but
in a sense deeply different from that of perceptual geometry. The difference is quite similar to that found
in computer sciences between high level logic and low level λ-calculus. Neurogeometry is, so to speak,
“internal”, neural, and “immanent”, while perceptual geometry is “external”, ideal, and “transcendent”.
To give an example (but, as we say in French, “l’exemple est la chose même”), let us consider Kanizsa
illusory contours (see the celebrated Kanizsa’s Grammatica del Vedere [73]). On the one hand, at the
level of perceptual geometry, they have been analyzed by a lot of psychophysicists, and we know quite
well their properties as gestalts. They are particularly interesting when they are curved. Figure 1 shows
different curved Kanizsa triangles with three methods for determining the exact position of the illusory
contour.
On the other hand, at the level of neurogeometry, we will see that illusory contours result from the
functional architecture of the primary cortical areas. Now, to take only the case of V 1, the first of these
areas, we will see that its functional architecture implements the contact structure of the fibre bundle of
1-jets of planar curves. There exists a natural metric, called sub-Riemannian, on this contact structure
and, mathematically speaking, Kanizsa illusory contours are “geodesics of a sub-Riemannian geometry
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Figure 1: Examples of curved Kanizsa triangles with three methods for determining the exact position
of the illusory contour. One has to put a mark (the end of an orthogonal line, a small segment, the axis
of a small stripe) as exactly as possible on the extremum of the contour. The good positions are shown
on the middle line.
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defined on the contact structure of the fibre bundle of 1-jets of planar curves”. The fact that such a
formulation appears highly esoteric and even non-sensical reveals the gap between perceptual geometry
and the neurogeometry in which it is implemented. The gap will be filled in section 4.10. In fact, we will see
that this seemingly complicated neurogeometrical model deepens in terms of the functional architecture
of V 1 a model proposed in 1992 by David Mumford for computer vision [90].
We will evoke briefly in this survey the theory of caustics in optics. It is interesting to parallel them
with our theory of illusory contours. Caustics are well known since antiquity as envelopes of optical
rays. As we will see, in their current definition, they are “singularities of the projections on R3 of the
Lagrangian solutions of the Hamiltonian system defined on the cotangent fibre bundle T ∗ R3 by the
Hamiltonian H associated to the wave equation”. The formulation is as esoteric and non-sensical as that
of illusory contours and reveals the long way between the phenomenological description of caustics and
their physical explanations. The main difference is that, in physics, such “long ways” are completely usual
while in cognitive sciences they are completely lacking. The ambition of neurogeometry is to introduce a
“mathematical turn” analogous to that found in theoretical physics.
Concepts such as jets, contact structures, sub-Riemannian metrics or geodesics belong to differential
geometry in the sense of Elie Cartan, Hermann Weyl, René Thom or Misha Gromov, and it is therefore
this type of geometry which is “internal”, neural and “immanent” in neurogeometry and explains the
“external”, ideal and “transcendent” perceptual geometry. It is crucial to understand this twofold aspect
of geometry in neurogeometry. The situation is quite similar to what one finds in particle fundamental
physics. One observes complex trajectories of particles in space-time M . And to explain them in the
framework of quantum field theory, one has to consider fibre bundles over M , Cartan connections, curvatures of connections, etc. All these deep geometrical structures model a physical immanence, which
accounts for the observed empirical trajectories.
Since the editors of this volume thought that it could be of interest to present some historical and biographical backgrounds for neurogeometry, we will give in this survey a few landmarks, first for perceptual
geometry, then for neurogeometry.1
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Perceptual geometry since the 1970s

2.1

Thom’s models

The first elements of mathematical perceptual geometry were worked out by René Thom at the end of
the 1960s as an aspect of his mathematical models for morphogenesis (see [130] and [131]). He used
the fundamental tools of singularity theory (of which he was one of the main inventors after Marston
Morse and Hassler Whitney) to explain how morphologies and patterns can appear and develop in material
substrates M . The key idea was that, at every point a of M , the physical, chemical or metabolic properties
of the substrate are described by an attractor Aa of an “internal” dynamics Xa and that the dynamics
of neighbouring points are coupled. Then for some critical values ac of a bifurcations can happen, the
attractor A being substituted by another attractor B. The subset K of the ac can be very complex
(fractal, Cantor, etc.), but in simple cases it stratifies M and breaks its homogeneity. This symmetry
breaking generates a morphology. In that sense, any morphology is a segmentation of the qualities of a
substrate by a set of qualitative discontinuities.
Thom’s models constitute a wide expansion of the pioneering reaction-diffusion models introduced in
1952 by Alan Turing [134]. The challenge is the same: explaining how “the chemical information contained
in the genes” can be “converted into a geometrical form”. In Turing, the internal dynamics are systems
of (non linear) differential equations modelling the chemical reactions between “morphogens” inside the
substrate. The spatial coupling is afforded by diffusion, and the cause of the “patternized” morphologies
is the breaking of homogeneity induced by “diffusion-driven instabilities” (see our survey [107]). The great
biologists inspiring Turing’s and Thom’s projects are also the same: Sir D’Arcy Wentworth Thompson
and Conrad Hal Waddington.
1 Many

thanks to Francisco Galofaro and Heather Arielle Griffin for the English translation of the text.
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Thom’s models were called “catastrophic” by Christopher Zeeman. We preferred the term “morphodynamical”. Morphodynamical models belong to a mathematical universe which experienced an extraordinary development in the 1960s-1970s with masters such as René Thom, Bernard Malgrange, John
Mather, Christopher Zeeman, Vladimir Arnold, Stephen Smale, David Ruelle, David Mumford, John
Milnor, Martin Golubitsky, Robert MacPherson and many others. Their main tools were the theory of
dynamical systems (for the study of internal dynamics), their attractors, their properties of structural
stability, and their bifurcations; the theory of critical points of differentiable mappings (for when the
internal dynamics are gradient like); the geometrical theory of jet spaces and their stratifications; and
universal unfoldings of finite codimension singularities (see Thom [130], [131] and our compiling [98]).
They aimed at a mathematical comprehension of morphogenesis and, beyond biological morphogenesis,
of morphological structures whatever their substrate may be.
Thom’s models were inspired by a deep and rather universal mathematical “philosophy” elaborated in
the 1950s and the 1960s (see e.g. his two classical papers “Les Singularités des applications différentiables”
in 1956 [128] and “Ensembles et morphismes stratifiés” in 1968 [129]):
1. The singularities of a space or of a map between spaces concentrate information on its global
structure into local morphologies.
2. To analyse locally a differentiable map f : M → N it is efficient to look at its successive jets modulo
a change of coordinates (a diffeomorphism) in M and in N . In general, jets of sufficiently high order
can be eliminated, and f can be reduced locally to an algebraic form (codimension of singularities
and normal forms).
3. Jet spaces J k (M, N ) of successive order k are manifolds stratified by a stratification Σk whose
strata of increasing codimension (of decreasing dimension) correspond to more and more singular
singularities.
4. One of the most fundamental theorem is the transversality theorem in jet spaces. The k-jet j k (f )
of f is a map j k (f ) : M → J k (M, N ) and the theorem says that, generically, j k (f ) is transverse
on Σk . A consequence is that f cannot present generically singularities of codimension > dim (M ).
5. Morse theory is a privileged tool for analysing manifolds. If M is a manifold of dimension n and
if f : M → R is a Morse function – that is a smooth function whose all critical points (points
where the gradient ∇f = 0) are non degenerate (the Hessian is of maximal rank n) and whose all
critical values (f (a) for a critical) are distinct – then M can be qualitatively reconstructed from
f via a “handle representation”. In particular a fundamental formula allows computation
Pi=n of i the
Euler-Poincaré characteristic χ (M ) of M from any of its Morse function: χ (M ) = i=0 (−1) mi
where mi is the number of critical points of Morse index i (a is of Morse index i if in a suitable
system of local coordinates f is of the form −x21 − . . . − x2i + x2i+1 + . . . + x2n ).
6. Morse theory can be generalized to stratified manifolds (MacPherson).

2.2

Some autobiographic remarks

Perhaps the reader will authorise some more personal remarks aiming at precising briefly the initial
interdisciplinary context of the following sections. I became interested in Thom’s new ideas for two
reasons. First, I began my career at the Centre of Mathematics directed by Laurent Schwartz at the
Ecole Polytechnique and worked on singularity theory in differential geometry with René Thom and in
algebraic geometry with Heisuke Hironaka and Jean Giraud (a disciple of Alexander Grothendieck working
also on Hironaka’s ideas). Second, I was also very interested in structural theories in social sciences from
Saussure and Jakobson to Lévi-Strauss. Thom’s ideas unified these two different interests. So, after
having joined the EHESS (Ecole des Hautes Etudes en Sciences Sociales) Mathematical Centre (CAMS)
in 1971, I focused on the applications of morphodynamics to cognitive sciences and semiolinguistics and
also on their far-reaching epistemological consequences.
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In order to elaborate this kind of models, it was essential to maintain close relationships with pure
mathematical theories. I could succeed thanks to the colleagues with whom I worked at Schwartz laboratory: Bernard Teissier, Alain Chenciner, Jean-Pierre Bourguignon (who would become director of the
IHES, Institut des Hautes Etudes Scientifiques), Jean-Marc Deshouillers (an arithmetician interested in
cognitive sciences), and later on some younger colleagues such as Daniel Bennequin and Marc Chaperon.
Moreover, the weekly seminar by Thom at the IHES in Bures-sur-Yvette on the theory of singularities
allowed me to follow the avant-garde of the research in this field and to learn many things attending
the talks of a number of important geometers and physicists (e.g., Stephen Smale on complex dynamical
systems or David Ruelle on strange attractors, chaos and turbulence).
During the 70s an extraordinary interdisciplinary interest arose on the theory of singularities. It
started in mathematics (including mathematical physics: caustics in optics, defects in ordered media,
critical phenomena and phase transitions) with important symposia such as the Liverpool Singularities
Symposium organized and edited by C.T.C Wall in 1971 or the Summer Schools of the Institute of Scientific Studies in Cargèse organized in 1973 and 1975 by Frédéric Pham. The theory has then been
developed in an extremely rich scientific context in which different traditions converged. Not without
controversies, the morphodynamical models met with the dissipative structures which came from thermodynamics and chemistry at the Bruxelles school of Ilya Prigogine, Grégoire Nicolis, and Isabelle Stengers,
with the works on self-organization by Henri Atlan, Jean-Pierre Dupuy and Francisco Varela, with synergetics by Hermann Haken and Scott Kelso, and so on. A real new scientific paradigm had been deployed
to understand the emergence of morphologies in the fields of physics, chemistry, and biology.
The philosophical echoes were sensational. The problem of dynamics of forms had been the great
loser of the Galileo-Newtonian revolution which allowed the development of mechanics of forces during
the XVIIth century: such dynamics implied to conserve certain Aristotelian teleological concepts such as
“entelechy”. From a philosophical point of view, many great authors were aware of this point. First of all,
Leibniz, who investigated the problem during his whole life, Diderot (cf. his debate with d’Alembert),
Kant (see the Critique of Judgment), Geoffroy Saint Hilaire, Goethe (the inventor of modern structural
morphology), Brentano as psychology is concerned, Husserl and phenomenology, Gestalt theory, D’Arcy
Thompson, Waddington which I already quoted. By showing how a mathematical dynamics of forms
compatible with physics was possible and how it could be extended to psychological and social sciences
thanks to its transphenomenal nature, René Thom ignited a philosophical breakthrough blowing up the
traditional frontiers between natural and human sciences.
At those times I decided to focus my researches on this unification of the problem of form and
morphogenesis in different empirical disciplines. In order to detail its dimension and implications, in
1982 I organised in honor of René Thom the Cerisy Symposium Logos and Catastrophe Theory in which
Christopher Zeeman and many mathematicians participated as well as physicists, for example David
Ruelle and Michael Berry; biologists as Yves Bouligand or Brian Goodwin, and experts in morphogenesis;
philosophers of science, semiolinguists and experts in Aristotle.

2.3

Perceptual geometry and phenomenology

Within perceptual geometry, five problems seemed particularly relevant in this context. First of all, the
link between morphological models and phenomenology. The similarities are strong between the definition
of forms as systems of qualitative discontinuities on spatial substrates and Husserl’s eidetic descriptions of
perception, in particular in Ding und Raum. During the 70s, it seemed strange how morphological models
allow to relaunch phenomenology by “naturalizing” it. Today things have changed, and neurocognitive
sciences converge with phenomenology on different points, as it is shown, e.g., by the works of Alain
Berthoz and Jean-Luc Petit Physiologie de l’Action et Phénoménologie [18]. The interested reader can
consult the volume Naturalizing Phenomenology [93].
Another problem in perceptual geometry is to construct objects in a tridimensional space, starting
from two-dimensional retinal sensations. From a geometrical point of view, it is the problem of the apparent contours (AC) of objects which appear as surfaces S in R3 . The deformations and the transformations
of these AC in the perceptual temporal flux allow to reconstruct the 3D objects. An AC is a singular
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locus. It is the singular locus Sπ,δ of the projection of S on the π plane in the direction parallel to δ
(transverse to π). If S is smooth, its projection is a map between manifolds of dimension 2, and, thanks
to a theorem by Whitney, we know the singularities it can present generically: fold lines, transversal
intersections of fold lines, and cusp points. The set of the (π, δ) is called a Grassmannian, so a 3D object
S is equivalent to an infinity of AC Sπ,δ parametrised by a Grassmannian. The direct problem, namely
how to construct the AC Sπ,δ knowing S, is rather simple. On the other hand, the inverse problem,
namely how to reconstruct S and its metric properties (its hyperbolic domains of negative curvature, its
elliptic ones of positive curvature, its parabolic lines of curvature = 0), starting from a certain number
of AC Sπ,δ is extremely difficult. However, it is what perception solves in every instant. Also in this
case, the similarity with the eidetic descriptions of the phenomenology of perceptual geometry, namely
Husserl’s theory of adumbrations (Abschattungen) is remarkable.

2.4

Caustics in optics

A third fundamental link between the theory of singularities and perceptual geometry is given by the
already mentioned theory of caustics in optics. René Thom considered it of a central importance because
caustics can realize all the “catastrophes” of codimension ≤ 3 (folds, cusps, swallowtails, hyperbolic
umbilics, elliptic umbilics). In geometrical optics, caustics are envelopes of light rays and are manifested
as forms on a screen because the intensity of the light diverges on it. In wave optics, what Michael Berry
called “diffraction catastrophes” are superimposed to these geometrical skeletons and their modelling as
solutions of the wave equation is founded on the theory of oscillatory integrals (see our compilation [98]).
Wave optics looks for solutions v(q, t) of the wave equation Dv = 0, where q is a point of R3 with
∂2
coordinates (x, y, z), t represents time and D is the differential linear operator of second order D = 2 −∆
∂t
(where ∆ is the spatial Laplacian). The separation of spatial and temporal variables leads to the search
for stationary solutions of frequency τ , v(q, t) = eiτ t u(q), where u(q) is an amplitude which satisfies
Dτ u = 0, with Dτ = τ 2 + ∆ and initial condition a given function u0 (q) on the source surface S0 . This
means that one looks for a spatial propagation u(q) of u0 (q) on which a wave pattern eiτ t is engrafted.
The approximation of geometrical optics corresponds to an infinite frequency τ , i.e. to a wavelength
= 0. However, when τ = ∞, the operator Dτ is not defined any longer. This is the source of the idea of
searching for asymptotic solutions uτ , parametrised by τ , of the perturbed equation family Dτ uτ = ετ ,
where ετ is a rapidly decreasing function in τ (i.e. a function decreasing more rapidly than every negative
power of τ ). “At the limit” the function u∞ will then be a the solution of the equation D∞ u = 0. Then,
one looks for spatial solutions of the form uτ (q) = aτ (q)eiθ , where θ = τ ϕ(q) with ϕ(q) a spatial phase,
and where the amplitude aτ (q) admits an asymptotic expansion in τ of the form:
aτ (q) ∼ a0 (q) +

1
1
a1 (q) + · · · + k ak (q) + . . . with a0 6= 0.
τ
τ

1
When τ → ∞, every k → 0 for k ≥ 1. So it is simple to compute Dτ uτ as an expansion in decreasing
τ
powers of τ , and since uτ has to be a solution of Dτ uτ = ετ where ετ is rapidly decreasing, the coefficients
of this expansion have to vanish. This yields an infinite number of equations, first of all the eikonal
equation 1 − |∇ϕ|2 ≡ 0 (where ∇ϕ is the gradient of the spatial phase) which says that the level
surfaces of St of ϕ, the wave-fronts of the geometrical approximation, are parallel surfaces, and that
the gradient lines of ϕ, the light rays (so-called characteristics of the wave equation), are orthogonal
to the wave-fronts. Further, the equations (known as “transport” equations) for the ak coefficients, the
dq
= 2∇ϕ, we have
first of which is a0 ∆ϕ − 2∇ϕ · ∇a0 = 0. On a light ray, given that q(t) satisfies
dt
da0
dq
=
, and this equation is reduced to an ordinary differential linear equation
2∇ϕ · ∇a0 = ∇a0 ·
dt
dt
da0
+ a0 ∆ϕ = 0. On the caustic C the amplitude a0 diverges.
dt
In order to understand the geometrical status of caustics, it is necessary to introduce the conjugated
momenta p of positions q ∈ R3 , to work on the phase space which is the cotangent bundle T ∗ R3 and
6

to shift toward an Hamiltonian formalism considering the Hamiltonian H(q, p) = 1 − |p|2 associated to
Dτ . Consequently, the eikonal equation will be written 1 − |∇ϕ|2 = 1 − |dϕ|2 = H(q, dϕ) = 0, since the
Euclidean metric of R3 establishes an isomorphism between T ∗ R3 and T R3 which allows identification of
the differential 1-form dϕ with the gradient field ∇ϕ. Let then Λϕ be the graph of dϕ on the open subset
U of R3 where ϕ is defined. It is simple to verify how, because of the canonic symplectic structure of
T ∗ R3 defined by the fundamental 2-form ω = dq ∧ dp 2 , (i) Λϕ is a Lagrangian sub-manifold of T ∗ U , i.e.
a sub-manifold Λ of dimension 3 on which the 2-form ω vanishes, (ii) the Hamiltonian H vanishes on Λϕ
and (iii) Λϕ is transverse at each one of its points to the fibres of the canonical projection π : T ∗ U → U .
The obstruction to the construction of a global functional solution ϕ comes from some deficits of
transversality. Then one calls a Lagrangian solution of the problem a Lagrangian manifold Λ on which
the conditions (i) and (ii) are verified but not necessarily the condition of transversality (iii). Λ is a
reunion of solutions of the Hamiltonian system defined by H, solutions called bicharacteristic curves,
and the caustic C is the apparent contour on R3 of the Lagrangian solution Λ, i.e. the projection of the
critical locus Σ where the condition of transversality (iii) is no longer satisfied.
To transform such a geometrical solution into a functional one, sophisticated tools such as oscillatory
integrals are necessary. The key idea is due to Maslov (see Maslov [84], Duistermatt [49] and our
compilation [98]) and consists in looking for asymptotic solutions uτ (q) no longer of the previous type
aτ (q)eiτ ϕ(q) but for sums locally finite of oscillatory integrals:
 τ p/2 Z
eiτ ϕ(q,α) aτ (q, α)dα
I(q, τ ) =
2π
where α ∈ Rp , where (τ /2π)p/2 is a renormalisation factor and where aτ (q, α) (with compact support in
α) is given, as aτ (q), by an asymptotic expansion. The relation between such functional representations
and Lagrangian solutions is given by the stationary phase principle, which says that, due to destructive
interferences, the oscillatory integral concentrates when τ → ∞ on the critical locus Vϕ where the phase
∂ϕq (α)
= 0. A theorem due to Lars Hörmander, says that, at least locally,
ϕq (α) is stationary, i.e. where
∂α
every Lagrangian solution can be represented that way.

2.5

Structuralism and categorical perception in phonetics

The fourth link between morphodynamical models and perceptual geometry, which concerned us for a
long time, does not regard vision but what is called categorical perception in phonetics: the categorisation
of the phonemes is a product of the perception of sounds, when these are recognised as speech sounds.
Inside a category, the discrimination ability degenerates (two different allophones of the same phoneme
are perceived as identical even if they are acoustically different), while at the boundaries of the categories
the discrimination is strong. As phoneticians say, discrimination is subordinate to identification: we can’t
discriminate correctly some occurrences unless they are identified as occurrences of different phonemes.
It is possible to explain this remarkable phenomenon (which is really different, e.g., from the perception of colours) considering that the phonetic percepts are attractors of neuronal internal dynamics Xa
parametrised by acoustic cues a. In each language these cues as the voice onset time of stop consonants
(VOT, the interval between the release of the consonant and the vibration of vocal folds) have central
values. Using methods of vocal synthesis, it is possible to let them vary in a continuous way, and then to
observe how bifurcations of the phonetic percepts are induced when crossing critical values. For example,
a voiced labial \p\ becomes an unvoiced labial \b\.
At the end of the 70s, we developed morphodynamical models of the phonetic categorisations (see
[99]) and we emphasised their double interest. First of all, they show how to generalise the models to the
cases in which the external space M parametrising the internal dynamics Xa is not the standard space
2 On the cotangent bundle T ∗ M of a manifold (of local coordinates (q, p)), there exists a canonical 1-form θ = pdq.
∗
θ(q, p) ∈ T(q,p)
(T ∗ M ) associates to every tangent vector (ξ, η) ∈ T(q,p) (T ∗ M ) the real p(ξ) (well defined, because p ∈ Tq∗ M
and ξ ∈ Tq M ). The 2-form ω = dθ is fundamental in classical mechanics because it is at the base of the Hamiltonian
formalism.
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any longer, but a space of control-parameters. Second, as far as phonetics has been a model for modern
structuralism, with Prince Troubetzkoy and Roman Jakobson, they show how morphodynamical models
are natural for structuralism. On this base we build the “morphodynamical structuralism” program,
which goes from phonetics to semiolinguistics (in Greimas’ and Eco’s sense), and anthropology (in LéviStrauss’ sense), which in 1982 led to the four volumes of Pour un schématisme de la structure. De
quelques implications sémiotiques de la théorie des catastrophes and to the three books Les Catastrophes
de la parole. De Roman Jakobson à René Thom (Maloine, Paris, 1985), Morphogenèse du Sens [99] and
Physique du Sens (Presses du CNRS, 1992).

2.6

Mental Dynamics

A fifth aspect of the morphodynamical models of the 70s is already linked with neurosciences, even if
in a theoretical and qualitative fashion and not in an experimental and quantitative one. In his 1965
article Topology of the Brain (see [144]), Christopher Zeeman introduced the key idea that brain activity
must be modelled by dynamical systems Xa on internal configuration spaces P = I N , where I = [0, 1]
is the range of activity of a neuron, N is the number of neurons of the system under consideration,
and the Xa depend on control parameters a, micro-parameters such as synaptic weights and macroparameters such as behavioural or psychological values. The main hypothesis was to identify mental
contents with the topological structure of attractors of the Xa , and the flow of consciousness with a “slow”
temporal evolution of the Xa . The strategy for explaining mental phenomena was then to use theorems
concerning the general structure of attractors and their bifurcations for drawing empirical conclusions
from this dynamical scheme without knowing explicitly the Xa . Indeed, if mental contents are modelled
by attractors, then their significant changes during mental processes are modelled by bifurcations K
observable in the control space M of relevant control parameters (the relevance depends of course on the
nature of the mental phenomena under consideration). The dynamics Xa are defined on the very high
dimensional manifold P and are “implicit”, while the bifurcation sets K are “explicit”. But suppose
that, due to theorems of classification as those of Whitney-Thom, we know models of the K that are
generated by dynamics Ya defined on low dimensional internal spaces Q. Such a drastic reduction of
dimension of the internal space (which is very similar to what one meets in statistical physics when one
reduces an enormous number of degrees of freedom using what is called an order parameter ) can then be
identified to the passage from the neurodynamical micro-scale to the “psychological” macro-scale.
Thom’s and Zeeman’s neurodynamical hypothesis could not be confirmed at those times because
of the lack of experimental tools. Nevertheless it raised an exciting problem, namely the mereological
problem of constituency. Indeed, a key feature of mental contents is indeed how they are structured
into components, what is called their “compositionality” or their “constituent structure”. One need only
think to the syntactic structure of a sentence to be convinced. If it is possible to model a mental content
through a neurally implemented attractor, then this attractor must have a constituent structure on its
turn. What could this possibly mean? This is what I proposed to call the problem of an attractor syntax.
It is particularly difficult. If structures can be modelled in terms of bifurcations of internal dynamics
Xa defined on internal spaces P , bifurcations which are unfolded in external spaces M , then one must
“internalise” these external unfoldings into higher level internal dynamics defined on the product spaces
P × M.
The interested reader could consult our work (written with the help of René Doursat) Cognitive
Morphodynamics [106] dedicated to this theme in relation to semiolinguistics (Per Aage Brandt, Wolgang
Wildgen, Jean-Pierre Desclés, Pierre Ouellet, Jean-Guy Meunier, etc.) and cognitive linguistics (Len
Talmy, Ron Langacker, George Lakoff, Paul Smolensky, Peter Gärdenfors, Terry Regier, Rick Grush,
etc.).
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3

The connections between perceptual geometry, image processing, and computational vision from the 80s

During the 80s, the research inspired by Thom in perceptual geometry has been connected with parallel
works by specialists in natural and computational vision and image processing. We will cite some of the
most remarkable ones.

3.1

Koenderink, Hoffman and the “singularities of the visual mapping”

In the mid-80s, the pioneering works by William Hoffman on the application of differential geometry
and Lie group theory to vision, and by Jan Koenderink (and, later, by the Utrecht University group, in
particular Luc Florack) on visual perception geometry, interested me, because, for the first time, I met
specialists in perceptual psychology using resources coming from differential geometry, and, in particular,
from singularity theory. Among the fundamental contributions of these scholars, I would mention four
issues:
(i) The thesis according to which the visual cortex is a “geometric engine” which implements mathematical structures as fibrations, jet spaces of order 1 and 2, and contact structures (see [77], [64]).
(ii) The structuring role of singularities in perceptual geometry (see [76]).
(iii) The necessity to integrate (in the mathematical sense) the neural detections of local structures
into global geometrical structures. If the brain can be a “geometric engine”, this is because groups of
receptive fields of visual neurons detect local features as edge orientations, crossings, inflection points, etc.,
which can be integrated later on through the functional architectures connecting these feature detectors
in a specific way.
(iv) The essential role of scale. Perceptual geometry results from the integration of local measures by
receptive fields which have a certain width, and it is consequently processed at a certain scale, i.e. at
a certain resolution. For this very reason, perceptive differential geometry must be multiscale, because
classical differential geometry corresponds to the idealisation of an infinite resolution (scale = 0). Koenderink and Witkin introduced the idea of scale-space analysis. It consists in a uniform parametrisation of
all the relevant geometrical structures by a scale parameter σ. A constraint called “causality constraint”
implies that when σ increases the complexity of the geometrical structures simplifies. Generally speaking,
this constraint is expressed through a diffusion operator D. This means that if one considers a structure
S (x) defined on a background space E, one considers the multiscale background space E × R+ endowed
with the operator D (x, σ) and imposes that S (x) will be the initial value S (x, 0) of a solution S (x, σ)
of the diffusion equation D (S (x, σ)) = 0. The simplest way to obtain this for E = Rn is to use the heat
equation ∂S
∂σ = ∆S (where ∆ is the spatial Laplacian). This strategy, called Gaussian blurring, raises
interesting mathematical problems. For example, James Damon rewrote in this new framework Morse
theory and the Whitney-Thom-Mather theory of universal unfoldings (see [42] and [104]).

3.2

Scale space analysis and anisotropic diffusion

The main drawback of Gaussian blurring in image processing and computational vision is that it does not
respect the morphologies of the image. In fact, as we saw, these are dominated by the perceptual saliency
of qualitative discontinuities and, by definition, the isotropic diffusion induced by the heat equation
smooths discontinuities. That’s why a certain number of specialists founded scale-space analysis on
highly anisotropic non linear parabolic equations of diffusion, in which the intensity of the gradient of
the image inhibits diffusion. Along discontinuities the gradient is very strong and even diverges, and
therefore there is no diffusion any longer: diffusion only operates transversally to discontinuities and
therefore preserves morphologies. The most known of these anisotropic equations is perhaps the one
introduced by Jitendra Malik and Pietro Perona in 1990 for images defined by their intensity function
∂I
= div (g(∇I).∇I)
I (x, y; σ) (if we allow a small initial blurring, we can suppose that I is smooth): ∂σ
where ∇I is the spatial gradient of I, and g is a decreasing positive function so that g(x) −→ 0. As
x→∞

div (∇I) = ∆I, we retrieve the standard heat equation for g ≡ 1. Such PDEs are difficult to integrate
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numerically, because they imply phenomena of inverse diffusion and deconvolution which make them
unstable. Let us also mention the well-known equation (1992) by Pierre-Louis Lions, Jean-Michel Morel,
∂I
= ∂ξ22 I where ξ is a normal coordinate to the gradient, that is to say the tangent
and Luis Alvarez [6] ∂σ
to the level line at the considered point. This equation is written :


∂I
∇I
H(∇I, ∇I)
= |∇I| div
= ∆S −
2
∂σ
|∇I|
|∇I|
where H is the Hessian of S. It is uniformly parabolic along level curves, but it is completely degenerated
in the direction of the gradient. It lets the level curves evolve as fronts with a normal speed equal to
their curvature.
In a more general way, considering the level lines of the intensity functions I(x, y; σ), it is possible to
generate evolutions of the plane curves Cσ , which propagate as fronts in accordance to a law of the kind
∂a
∂σ = F (κ)ν where a is a point of Cσ , ν the (external) normal at a to Cσ and κ the curvature of Cσ at
a. The more studied cases have been the propagation at a constant speed, F (κ) = v, for example v = 1
∂a
∂κ
(wave equation): ∂σ
= ν, ∂σ
= −κ2 . This way we obtain “grassfire” models where the propagation speed
is constant as in optics.
The above model corresponds to F (κ) = −κ. Under the title of “curve shortening”, “flow by curvature” or “heat flow on isometric immersions”, this equation has been studied by geometers as Michael
Gage, Richard Hamilton, Matthew Grayson, Lawrence Evans or Joel Spruck.3 According to Grayson’s
theorem [60], “curve shortening” convexifies the curves Cσ and makes them metrically converge towards
a circle. If jσ : S1 → R2 is the isometric immersion defining Cσ , we have ∆jσ = −κn and the diffusion equation ∂σ jσ = −κn is the heat equation ∂σ jσ = ∆jσ . In the functional space J of immersions
j : S1 → R2 , this equation defines the gradient field of the function giving the length of the image curve
C = j(S1 ) and the theorem says that if C0 is an embedded curve (as winding as it can be), then the heat
equation contracts it into a circular point. And Cσ becomes convex without reaching any singularity.
This result concerning 1-dimensional curves cannot be generalized to surfaces. For instance a “dumbbell” like surface can be pinched and disconnected into two spheres. The interested reader could consult
e.g. Brakke [26], Huisken [69], [70], Ecker, Chen, Giga, Goto [33].
To return to curves, Stanley Osher and James Sethian [96] studied the intermediate cases where F (κ)
is neither constant nor equal to −κ but of a mixed form F (κ) = 1 − εκ. If τ is the curvilinear abscissa
2
∂κ
of the curve Cσ , the curvature κ satisfies an equation of the type ∂σ
= ε ∂∂τκ2 + εκ3 − κ2 which is a
reaction-diffusion equation where the reaction term εκ3 − κ2 (which pushes Cσ towards singularities) is
2
counterbalanced by the smoothing effect of the diffusion term ε ∂∂τκ2 .

3.3

Segmentation and illusory contours in David Mumford

Morphological geometry of images, clearly very close to perceptual geometry, became this way a topranking scientific object as much as it was necessary to find specific performing algorithms to compute
it. This computational approach goes beyond morphological modelling, and it intermediates in some
sense between perceptual geometry and neurogeometry insofar as, on the one hand, it is based on explicit
algorithms while, on the other hand, these algorithms don’t have to be neurally implemented. One could
think that this is not a real problem since neural nets are computationally equivalent to Turing machines.
But this is not the case, because in neurogeometry the neural hardware is dedicated and it is the specificity
of its functional architecture that causes its activations to be equivalent to a calculus.
Another great mathematician in image processing, who has been an essential inspirer for neurogeometry is David Mumford, 1974 Fields medal for his works in algebraic geometry. Two contributions are of
a peculiar importance.
3 As a matter of fact, the theory comes from Richard Hamilton which tried to solve much more difficult problems in
General Relativity. By using the heat equation, he showed how, if X is a Riemannian compact 3-manifold with a positive
Ricci curvature Rij , then X admits a Riemannian metrics with constant positive Ricci curvature. Now, the latter have
been classified. Hamilton tried also to generate closed geodesics starting from any closed curve. Among others, these
techniques allowed Grigori Perelman to prove Poincaré’s conjecture in 2003.
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(i) First, the Mumford-Shah segmentation model (see [91]), a variational model which allows to
optimize the approximation of an image I (x, y) , defined on a window W and potentially very noisy, by a
“good” morphological structure (u, K) where K is a segmentation of W partitioning W in open domains
Wi (connected components of W − K) and u an approximation of I which is regular on the Wi while
presenting discontinuities along K. A considerable number of algorithms of this kind have been proposed.
In a way or in another, they all consist in a merging of local domains into regular, homogeneous regions
limited by crisp edges, that is in “splitting and merging different parts of the domain W ” as Mumford
said. The principal theoretical problem which they encounter is that the 2D regions and the 1D edges
are geometrical entities of a different dimension, which compete and interact in a very subtle way (see
the synthesis Morel-Solimini [89]). In order to compare the possible segmentations between them and to
measure their approximation degree of the image I, it is relevant to introduce an energy. The energy
proposed by David Mumford and Jayant Shah is
Z
Z
Z
2
2
E(u, K) =
|∇u| dx + λ
(u − I) + µ
dσ .
W −K

W

K

It includes that three terms: the first term measures the variation and controls the regularity of u on
the open subsets Wi ; the second term controls the quality of the approximation of I by u; the third
term controls the length, the regularity, the parsimony, and the localisation of the edges K and inhibits
the oversegmentation phenomena (by segmenting in sufficiently small regions it is obviously possible to
approximate I as much as we want, but such oversegmentations are irrelevant).
This variational model is a particular case of what is called in physics a “free boundary problem”. It
is extremely difficult to solve and a lot of works have been dedicated to it until now in particular by the
Ennio De Giorgi centre at the Scuola Normale Superiore in Pisa (among the others Luigi Ambrosio and
Gianni Dal Maso), Jean-Michel Morel, Alexis Bonnet and Guy David (for an introduction see [103] and
[105]). If the set of edges K is fixed, then it is simply a classic Neumann problem: ∆u = µ(u − I) inside
the connected components Wi of W − K and ∂u
∂ν = 0 along the edges ∂W ∪ K (ν is the normal at the
edge). If K is free, the problem is really different. In the simplest case, where the approximants u are
locally constant, we have ∇u = 0 and E(u, K) is reduced to a
Z
Z
E(u, K) = λ
(u − I)2 + µ
dσ .
W

K

Then, the approximation u is entirely determined by K because, on the connected components Wi of
W − K , it is simply equal to the average of I. Thus, we have only to find K. Mumford has shown that,
in this case, the minimum of E(u, K) exists and is realised through a K which is piecewise C 1 , whose
curvature is bounded by 8 osc(I)2 (where the oscillation of I is osc(I) = max I − min I) and which has
triple points at 120◦ and edge points at 90◦ on ∂W as only singular points.
In the general case where the approximations u are not necessarily locally constant, Mumford’s conjecture says that it is still the same, except that a third class of singularities of “end point” type could
occur (they are called “cracktips” or “fault” ends in reference to physical models). They are end points
of the discontinuity lines. The conjecture is still unsolved. First it has been shown that K is a closed and
“regular” set of topological dimension 1 (it can’t be fractal). Later on, David and Semmes [43] showed a
property of uniform rectifiability. Then Alexis Bonnet proved the conjecture for the isolated connected
components of K. Then Bonnet and David [21] showed how the “cracktips” are minimisers.
In 2003, Giovanna Citti and Alessandro Sarti proved that the Mumford-Shah model is a limit (in the
variational sense of the word “limit”) of a model of synchronisation of oscillators, a result which would
justify a neural implementation (we will return on this point in section 5.1.1).
(ii) David Mumford’s second major contribution concerns a variational model proposed in 1992 [90]
regarding the illusory contours. This is the model which will be reformulated by neurogeometry. It uses
elastica curves, introduced by Euler in elasticity theory, which are curves minimising at
R the same time the
length and the square of the integral of the curvature κ of curves, i.e. an energy E = γ (ακ2 +β)ds where
γ is a smooth curve in R2 with element of arclength ds. It is possible to justify this model in this way: the
11

virtual contour will correspond to a chain of triplets (ai , pi ) (ai = positions and pi = orientations at the
positions ai ) along which the loss of activity is the weakest possible. But leaks can have a double origin:
(a) leaks proportional to the number N of elements of the chain, with a constant factor β; (b) leaks due
to curvature and equal to the sum of the deflections of orientation between consecutive elements, with
i=N
P−1
2
(θi+1 − θi ) . At
a constant factor α. If θi is the angle of the slope pi , we can take for example
i=1
R
the limit, the first term tends to the length γ ds and the sum of the deviations ∆θ in the second term
R
tends to γ κ2 ds since, by definition, κ = dθ
ds . The minimisation of leaks “online” consequently leads to
Mumford’s variational problem. Its solutions are transcendental curves (i.e. non algebraic ones) called
elastica which could be explicitly represented by elliptic functions.
David Mumford developed a stochastic explanation of his model. Let us suppose that the curvature
κ(s) of the curve γ (parametrised by its arclength s) is a white noise. As κ(s) = θ̇(s), this means that θ(s)
is a Brownian motion. In other words, at every time, motion is a random Gaussian variable of average
0 and of variance σ. If we further suppose that the length l of γ is a random variable which follows an
exponential law λe−λlR dl (thus l is constant for λ = 0), then the probability of a particular curve γ is
2
given by Pr(γ) = e− (ακ +β )ds with α = 2σ1 2 et β = λ. Consequently, elastica are the most probable
curves.

3.4

Receptive profiles and wavelets

Another fundamental progress in image processing which can be used to mediate between perceptual
geometry and neurogeometry is the remarkable development of wavelets algorithms promoted since the
late 80s by analysts such as Yves Meyer, Stéphane Mallat or Ingrid Daubechies. The wavelet transform
of a signal is a localised and multi-scale harmonic analysis that allows to easily detect (unlike the Fourier
transform) the qualitative discontinuities encoded in the signal. For an introduction, see Stéphane Mallat’s A Wavelet Tour of Signal Processing [80]. The connection with David Marr’s pioneering way to
treat the retinal signal by the retinal ganglion cells was quickly established, and it became clear that
the retina, the lateral geniculate nucleus, and the primary cortical visual areas perform a series of consecutive wavelet analyses of the optical signal and that this is where the primary geometric formatting
of the visual input comes from. In particular, the receptive profiles of the “simple” neurons of V 1,
which detect edge orientations, are assimilable to oriented wavelets modelled on second derivatives (i.e.
anisotropic Laplacians) of Gaussians (the width of the Gaussian defines the scale of the processing). The
zones of the receptive field where the receptive profile is > 0 (resp. < 0) are called ON (resp. OFF) by
neurophysiologists.
A lot of fine grained analyses have been conducted on the receptive profiles of the visual neurons,
for example by Gregory DeAngelis’ team at Duke. In fact, the receptive profiles implement derivatives
of Gaussians up to order at least 3. For example, figure 2 from [45] shows a receptive profile where the
spatial and temporal profiles are non separable: the ON/OFF regions are shifted during time, and for
this reason the periphery response of the receptive field is delayed with respect to the central one. This
allows the neuron to measure the speed of the edges it detects. Figure 3 shows a model using the third
∂3G
π
derivative of a Gaussian ∂u
2 ∂v , where the (x, t) plane is obtained through a 10 rotation of the (u, v) plane
(it is the origin of the non-separability). The agreement with the experimental data is quite remarkable.
This analogy between a wavelet analysis of an image and the processing of the optical signal by fields
of receptive profiles which operate in parallel and detect local geometrical features plays a crucial role in
neuroscientific theorisation on vision. However, it failed to consider the functional architectures, which
allow integration of these local data into global structures.

3.5

Neural net dynamics and attractors

As we saw in section 2.6, in the 70s Thom and Zeeman introduced the main idea, according to which
a mental content is an attractor of a neural dynamic. However, these dynamics remained implicit in
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Figure 2: Temporal evolution of a non-separable receptive profile ϕ(x, y, t) from t = 20ms to t = 220ms.
The spatial organisation of the receptive profile changes; this is not the case for the separable receptive
profiles. Above, the spatial profile ϕt (x, y) = ϕ(x, y, t). Below, its section for y = 0. (From DeAngelis et
al. [45]).

Figure 3: Model of the temporal evolution of the receptive profile ϕ(x, y, t) of figure 2. We took a third
∂3G
π
derivative of a Gaussian ϕ(x, y, t) = ∂u
2 ∂v (u, y, v) with the rotation (u, v) = rθ (x, t), θ = 10 . Above,
the evolution of the spatial profile ϕt (x, y) = ϕ(x, y, t). At the middle, the sections for y = 0. Below, the
receptive profile ϕ(x, 0, t) on the (x, t) plane for y = 0.
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their models and if the hypothesis was yet operative, this was because deep theorems on classification of
singularities and bifurcations show their universality. So, from a methodological point of view, the models
were quite special: rather than starting from explicit equations and deducing from them the bifurcations,
they started from the observed bifurcations and they ascended by abduction to some generating dynamics
of minimal complexity, a dynamics of which the real implicit dynamics should only be an extension
through irrelevant parameters.
The situation changed with the introduction, at the beginning of the 80s, of the neural net models
inspired by statistical physics and later developed, after Jack Cowan et Hugh Wilson (1972), by specialists
as John Hopfield, Daniel Amit, Haim Sompolinski [123], Misha Tsodyks [132] and, in France at those
times, by physicists as Gérard Toulouse, Marc Mézard, Jean-Pierre Nadal, Gérard Weisbuch at the Lab
of Statistical Physics of the ENS (Ecole Normale Supérieure), or Manuel Samuelides at Toulouse [48], or
Daniel Hansel and Claude Meunier at the Ecole Polytechnique, or also Gérard Dreyfus at the ESPCI.
Under its simplest form, a neural net consists of N units ui whose activation state yi changes in a certain
state space S. The most useful cases are S = {0, 1}, {−1, 1}, [0, 1]. An instantaneous net state is therefore
described by the vector y = (yi )i=1,...,N in the configuration space P = S N which is a space of great
dimension if N is large. The units ui are little threshold automata connected to each other through
connections whose strength is measured by synaptic weights wij . The wij determine the program of the
net. The wij > 0 correspond to excitatory connections and the wij < 0 to inhibitory connections. In
general, wii = 0.
The net “computes” in the following way: every neuron ui receives afferent signals coming from its
pre-synaptic neurons, it integrates them, then it makes a decision and sends an efferent signal to its
post-synaptic neurons. One defines in general the input of the unit ui as the weighted summation of the
afferent signals
j=N
X
hi =
wij yj , i.e. h = wy
j=1

and the local transition laws are of the kind:
yi (t + 1) = g (hi (t) − Ti ) , i.e. y(t + 1) = g (h(t) − T )
where Ti is a threshold and g a highly non linear gain function. Typically we have g = Heaviside function
if S = {0, 1}, g = sign function if S = {−1, 1}, g = sigmoid function, for example 1/(1 + ex ), if S = [0, 1].
The synaptic weights wij and the thresholds Ti constitute a control space W . The global dynamics of
the net Yw on P is obtained by aggregating the local transition laws and by iterating them. In the limit
of a continuous time, we get a large system of differential equations of the kind:
ẏ = −y + g(wy − T ) .
In the limit of a spatial continuum of neurons, we get PDE (on densities) of the kind:
Z

∂y(x, t)
= −y(x, t) + g
(w(x, z)y(z, t) − T (x)) dz .
∂t
As Daniel Amit emphasised, under the hypothesis of a complete feedback (loop between the inputs
and the outputs) the asymptotic states of the system – in particular its attractors – are meaningful (see
[7]) and define the internal states of the net. The basic dynamic phenomenon is therefore the asymptotic
capture of an instantaneous global state y0 of the net by an attractor A. That’s why Daniel Amit
proposed the expression “attractor neural networks”. ANNs are dynamical computers that bifurcate
from attractors to attractors. They make explicit the general neurodynamical models worked out by
Thom-Zeeman.
The dynamics that can be obtained this way are in general of a great complexity. For example, in
the case (neurobiologically completely unrealistic) of symmetrical connections, John Hopfield remarked
at the beginning of the 80s that for S = {−1, +1} and g = sign function, the equations of the net are
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analogous to the ones for systems of interacting spins which we meet in statistical physics. The energy
minimised by the dynamics is given by:
E=−

X
1X
wij yi yj +
Ti yi .
2
i
i6=j

In the measure in which the synaptic weights wij are analogous to the coupling constants and are, in
an intricate way, at the same time > 0 et < 0, these systems – which exemplify the simplest case of a
formal neural net – correspond to the most complex case of spin systems, the so called “spin glasses”.
Their energy presents a considerable number of local relative minima and, in order to find the global
absolute minimum, the classical methods of the “gradient descent” kind do not work. It is necessary to
use sophisticated algorithms coming from statistical physics such as the so-called simulated annealing.
When the synaptic weights become asymmetrical, the energy function does not exist any longer, and
the dynamics can become of a greater complexity. One finds different classical routes toward chaos and
in particular the period doubling route known as Coullet-Feigenbaum-Tresser subharmonic cascade.
Many results of this kind show how it is possible to give a rigorous status to Thom’s thesis that
mental contents are attractors of dynamical systems implemented in neural nets and therefore that
cognitive functions can be naturally conceived in terms of statistical physics and neural dynamics. The
example is particularly evident for the fundamental cognitive processes of categorisation and learning. A
sensory input is modelled as an input of the net and the evoked percept is identified with the attractor
which captures the input. The categorisation of the inputs processed by the percepts is interpreted as the
partition of the configuration space of P in attraction basins B(A) of attractors A – the categories – which
work as prototypes. The scales which psychologists call “gradients of typicality” are then interpreted as
Liapounov functions on the B(A) − A (i.e. functions of the “ energy” type that strictly decrease on the
trajectories when those asymptotically tend towards their limit attractors and vanish on these attractors).
We retrieve the morphodymamical models of the 70s, e.g. for categorical perception in phonology, evoked
in section 2.5.
The aspect of learning corresponds to an inverse problem. The associated direct problem consists,
given a matrix w of synaptic weights, of finding the attractors of the dynamic Yw . On the contrary,
the inverse problem is, some attractors Ai being given, to find a matrix w that generates them. Some
algorithms have been developed for this purpose, in particular the one called backpropagation which
consists of computing, from an initial matrix w0 , the gap between the attractors of Yw0 and the desired
attractors and to back-propagate the error by adjusting w0 . Similar algorithms define slow dynamics in
the control spaces W of the synaptic weights.
In this way, neural nets become privileged models for cognitive processes under the name of connectionist models. The fundamental problem of constituency in an “attractor syntax” (see section 2.6) was
raised again but in a more technical way because now the internal dynamics of the models were explicit.
It was also raised in a more polemical way, because in 1988 Jerry Fodor and Zenon Pylyshyn [51] attacked Paul Smolenky’s article [122] on the “Proper Treatment of Connectionism” (PTC), explaining
how connectionist models can’t in principle generate cognitive models because their attractors lack an
internal structure. The problem was particularly sharp as much as it concerns grammatical relations and
semantic roles, constituency and compositionality, but was partially solved by using the rich resources of
the theory of singularities and bifurcations, which were unused by standard connectionist models of the
PDP type (“parallel distributed processing” in the sense of David Rumelhart and James McClelland) or
PTC (Paul Smolensky). We refer to our works [100] and Cognitive Morphodynamics [106] for details.
In 1991 and 1992 two Conferences on Compositionality in Cognition and Neural Networks, organized
by our colleagues Daniel Andler, Elie Bienenstock and Bernard Laks [39], were held in France at the
Royaumont Abbey. Then, Bernard Victorri and Catherine Fuchs organized in 1992 a Conference on The
Continuum in Linguistics. We organized in 1995 with Umberto Eco and Patrizia Violi in San Marino
an international Conference Topology and Dynamics in Cognition and Perception focusing on Cognitive
Grammars (in particular Len Talmy who was there). We edited also a special issue of Sémiotiques “Dynamical Models and Cognitive Semiotics”. Inspired by the Royaumont workshops, another Conference
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on Dynamic Representations in Cognition was also organized by Robert Port and Tim van Gelder at
Indiana University in 1992. They edited then at the MIT Press in 1995 a reference book Mind as Motion
on dynamical models in linguistics.

4

The neurogeometrical turn since the 1990s

4.1

Neuromathematical interdisciplinarity

At the end of the 80s, many instruments were available:
1. A perceptual geometry in a Thom-Koenderink fashion, which mobilised the tools of Morse’s theory,
jets, singularities, bifurcations, stratifications, and universal unfoldings.
2. Deep connections with some algorithms of multi-scale image processing: local algorithms as wavelet
analysis (Mallat-Marr) and anisotropic diffusion, or global algorithms as Mumford-Shah variational
segmentation model.
3. Equally important deep connections with neural nets and statistical physics.
In other terms, one could count on suitable elements for morphological geometry and suitable implementation principles for image processing. Many works have been developed in these directions, in
particular at the CREA (Ecole Polytechnique), a research centre created in 1982 by Jean-Pierre Dupuy,
which I joined in 1986. From 1991, Bernard Teissier invited me for some lectures on these topics at the
department of mathematics of the ENS (Ecole Normale Supérieure), and I also dedicated to them some
of my master classes. However, what lacked at that time was a technical link with neurosciences founded
on precise experimental data. To be sure, since the 70s Zeeman had introduced, in a qualitative way,
some neural dynamics, (see section 2.6), to be sure Koenderink and Hoffman (see section 3.1) or wavelet
analysis (see section 3.4) constituted a link with data on receptive fields and the organisation of visual
areas in hypercolumns, but it lacked a real confluence with neurosciences, a confluence which would allow
to connect rich experimental data to non trivial mathematical models.
In my case, this confluence occurred at the beginning of the 90s at two levels. First through the
great richness of a new interdisciplinary context, and then through the first neuroimaging data on the
functional architectures of the primary visual areas.
The interdisciplinary context was the one of the Master created in 1990 by the prominent specialist
in vision Michel Imbert. This original Master which institutionally grouped the EHESS, the ENS and
the Pierre et Marie Curie University (Paris VI) was a great success and allowed collaborations with
specialists of neurosciences, physiology and psychophysics as, apart from Michel Imbert himself, Alain
Berthoz, director of the LPPA (Laboratoire de Physiologie de la Perception et de l’Action) at the Collège
de France, Yves Frégnac director of the UNIC (Unité de Neurosciences Intégratives et Computationnelles) at the CNRS (Centre National de la Recherche Scientifique), Jean Lorenceau (UNIC and LPPA),
the colleagues of the LENA (Laboratoire de Neurosciences et d’Imagerie Cérébrale) of the CNRS at the
hospital “La Pitié-Salpétrière”. In this particularly favourable context, many fruitful interdisciplinary
exchanges quickly started. A working group organised many conferences at the “Fondation des Treilles”
(founded by Anne Gruner-Schlumberger). The 1993-1994 ones on Geometry and Vision grouped among
others Bernard Teissier, Jean-Michel Morel, David Mumford, Gérard Toulouse, Stéphane Mallat, Yves
Frégnac, Jean Lorenceau, Olivier Faugeras, Elie Bienenstock, and the 1998 one was dedicated to Methodology in Cognitive Science. There have been many other meetings, in particular in 1995 a symposium on
Mathematics and Brain at the Institut Henri Poincaré in Paris. Jean-Michel Morel, David Mumford and
Bernard Teissier also organised in 1998 a special quarter on Mathematical Questions on Signal and Image
processing at the Centre Emile Borel of the Institut Henri Poincaré. Then an important symposium,
The Mathematical, Computational and Biological Study of Vision, was held in 2001 at the Oberwolfach
Mathematisches Forschungsinstitut by David Mumford, Christoph von der Malsburg and Jean-Michel
Morel.
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During the 1990s, another privileged collaboration with neurosciences was established with Francisco
Varela, member of the CREA, where he developed his ideas on self-organised and autopoietic systems,
and also member of the LENA, where he worked on global neural dynamics which are highly complex
non linear dynamics defined on very high dimensional spaces, presenting many chaotic properties but
also simpler observable ones. To reconstruct such dynamics from the time series yielded by the measure
of suitable neural signals, one can use tools elaborated on the basis of deep mathematical results by
Whitney, Thom, Zeeman, Takens, Crutchfield and others. Often, the dynamics result from the interaction
of a large number of oscillators of the FitzHugh-Nagumo type4 . As was emphasised by Wolf Singer,
Heinz Schuster and Varela, it is the synchronisation of oscillators which is cognitively functional. It is
of course complementary of desynchronisation processes, and it is that way the difficult mathematical
theory of coupled oscillators (Yoshiki Kuramoto, Hiroaki Daido, Bard Ermentrout, Nancy Kopell, etc.)
becomes involved in neurodynamics. What is particularly interesting in global neural dynamics is that
they couple many subdynamics related by control, feedback and hierarchical relations. These dynamical
hierarchies are structured in synchronisation / desynchronisation temporal flows, which explains the
temporal segmentation of consciousness along “syntactically” organized cognitive acts.
On both experimental and theoretical sides, one of the contributions of the new imaging techniques
has been to allow the identification of two fundamental mathematical concepts corresponding respectively
to the two systems of connections which constitute the functional architecture of V 1: the concept of fibre
bundle or fibration for the “vertical” retino-geniculo-cortical connections, and the concept of contact
structure for the “horizontal” cortico-cortical connections (also called “lateral” sconnections).

4.2

Efficient coding, receptive profiles and natural images

Let us briefly return on the peculiar form of the receptive profiles of visual neurons (from the ganglion cells
of the retina to the cortical cells) modelled as derivatives of Gaussians or Gabor patches. Many specialists,
for example Joseph Atick and Jean-Pierre Nadal, have shown how these profiles can be retrieved from
general hypotheses of information theory. They correspond to an “informational strategy” and to “design
principles” which optimise the efficiency of the representation of information. As Atick said ([8], p. 213),
“efficiency of information representation in the nervous system potentially has evolutionary advantages”.
The efficient neural codes of visual information allow to describe the environment in a compact way
using an effective “visual vocabulary” of geometrical features. Now, natural image statistics is particular
because strong correlations exist between the pixels and because of the existence of edges. The different
possible statistics of the inputs influence the distribution of the spikes. Yves Frégnac’s team, for example,
studied four statistics: moving gratings, dense noise, natural images with eye motion, and gratings with
eye motion too. They found that the variability of spikes decreases with the complexity of the classes of
stimuli and that the temporal precision of their emission time increases. It is a remarkable result.
The “pixelised” representation at the level of photo-receptors does not reflect these statistics and is
therefore fundamentally inefficient. Consequently, it had to be improved. From the years 1950-1960 Fred
Attneave and Horace Barlow proposed that, in order to be efficient, the neural coding must eliminate as
much as it is possible the enormous redundancy of the inputs, in other terms it has to compress them. For
this reason, the statistical laws of natural images play a fundamental role in the evolutionist explanation of
the design of neuronal hardware. It imposes to the neural information processing “ecological” constraints
(in James Gibson’s sense of the term “ecological”) and some “priors” (in the Bayesian sense). As far
as the relations between neurons are concerned, the maximisation of the code-efficiency is based upon
the possibility of rendering the responses of the different neurons statistically independent as much as
possible. The problem is difficult.
The leading idea for solving it is to optimise the information and to decorrelate the signal by eliminating increasingly higher correlations. The simplest way is to suppose that it exists a linear filtering
(a convolution by a receptive profile) which performs a compression of the signal I(a) by decorrelating first of all its spatial self-correlation C(a1 , a2 ) = hI(a1 )I(a2 )i (where h i represents the average).
Due to homogeneity and isotropy, the self-correlation depends only on the distance r = |a1 − a2 |, and
4 FitzHugh-Nagumo

equations are a simplified version of the Hodgkin-Huxley equations for spikes.
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b
C(a1 , a2 ) has the form C(r). The Fourier transform C(ω)
of C(r) is called the power spectrum of the
R
b
signal: C(ω)
= C(r)e−iωr dr. Now, the natural image statistics shows that they have a spectrum in
1
b
C(ω)
= |ω|
2 (Field’s law) and this corresponds to the fact that the spatial self-correlation is scale-invariant
R iωr
(i.e. C (αr) = αC (r)). Indeed, the inverse Fourier transform is C(r) = e|ω|2 dω and therefore, using the
change of variable ω =

λ
α

we get
Z
C(αr) =

eiωαr
|ω|

2

Z
dω =

α2 eiλr dλ
= αC (r) .
2
α
|λ|

Let ϕ(a) be the receptive profile of the considered linear filters, and let (I ∗ ϕ) (a) be the result of the
filtering of the signal I. The decorrelation means that the average of the product h(I ∗ ϕ) (a). (I ∗ ϕ) (a0 )i
is δ (a − a0 ) (where δ (x) is the Dirac distribution). If we consider only Field’s law, then the power
spectrum of I ∗ ϕ is flat and the decorrelation is expressed by the “whitening” of the signal. But even
1
if this method is suitable to the spectra in |ω|
2 , it is indeed very bad for the noise because it amplifies
it in the range of high frequencies where it already dominates. It is necessary therefore to associate the
decorrelation to a smoothing of the signal suppressing the noise. That’s the way in which Atick shows
that if we want to correctly decorrelate the signal also when noise is present, we must use receptive
profiles in Laplacian of Gaussian ∆G of the type of ganglion cells.
Jean-Pierre Nadal and his colleagues [133] deeply analysed the problem by considering not only Field’s
law, but also, in an explicit way, the importance of multi-scale edges in natural image statistics. They
showed how the minimisation of neural code redundancy under the constraint of edge detection leads to
oriented wavelets.
In a more general way, we can consider large data bases of natural images and try to analyse them in
independent components (ICA) which are neurally implemented. We look for components (the receptive
profiles of the neurons) which are at the same time statistically independent and “sparse”, where “sparsity” means that, for a given image, the greatest part of the components present a very weak response,
only a few of them presenting a meaningful response. Sparse representations have many advantages:
they offer a compromise between, on the one hand, representations in which almost all the neurons of the
net are implied in the elaboration of every stimulus, and, on the other hand, representations in which,
for every stimulus, there would be just a neuron which would selectively respond (the so-called “grandmother” cells); they are composed of basic patterns (the receptive profiles considered as “atoms”) which
are adapted to the considered set of stimuli (in our case, natural images); they magnify the power of
neural nets as associative memories by eliminating the interferences between the activity patterns elicited
by the different inputs; they make explicit the structure of the stimuli because their components are
relevant features; they allow the net to economise its energy; they can easily be learned through Hebb’s
learning rules.
The problem to find the optimal sparse representations for a class of stimuli is difficult. It can be
formulated in the following way. Let Σ ⊂ RP be a class of stimuli I k , k = 1, . . . , S = # (Σ), which are
images I with P = p2 pixels described as vectors I = (Ir )r=1,...,P in the canonic basis of RP . We want
to find a “good dictionary” Φ of atoms ϕi ∈ RP , i = 1, . . . , N , which allows us to “well” decompose the
I ∈ Σ under the form
i=N
X
I=
si ϕi .
i=1

The representation of I ∈ Σ ⊂ RP by s = (si )i=1,...,N is the code of I with respect to the “dictionary”
Φ which is a matrix P × N the columns of which are the ϕi ∈ RP . In the present case, the one of the
retina and of V 1, we have N  P , i.e. what it is called an “overcompleteness”. This means that the ϕi
generate RP without being linearly independent and are on the contrary highly redundant. That’s for
the same reason that the codes s can be sparse.
The space Σ is not a vector sub-space of RP because a linear superposition of natural images it is
not a natural image. It has a complex form and the atoms ϕi are a way to locally analyse it at numerous
points by means of a kind of tangent structure.
18

In order to find optimal sparse codes, the basic idea is to minimise an energy of the form
i=N

E (I, s) =

X
1
2
kI − Φsk + λ
|si |
2
i=1

where the first term is the square of the euclidean distance between the stimulus I and its code Φs and
the second term is the L1 norm of the code. The minimisation of the first term guarantees that the
representation Φs is a good approximation of I and the minimisation of the second one guarantees that
the code is sparse. To precise this guiding idea leads to a lot of difficult problems. We can refer, for
example, to the articles of Bruno Olshausen, David Field, Karol Gregor, Yann Le Cun, Eeno Simoncelli
[95], [61], [121]. They show how the base functions which one obtains by similar methods are very close
to the receptive profiles of the simple cells of V 1 with their selectivity to orientation, their odd symmetry
(ϕ (−a) = ϕ (a)) or even symmetry (ϕ (−a) = −ϕ (a)), their feature ON or OFF, and their selectivity to
spatial frequency (the scale). One observes also detectors of end points.

4.3

Orientation hypercolumns, “internal” variables, and fibre bundles

Let us return to the functional architecture of the striate area V 1. After pioneering experiments carried
out in the late 50s by Vernon Mountcastle on the somatosensory cortex of the cat, the structure of V 1
(cortical area 17 of the cat) in orientation hypercolumns has been a major discovery of David Hubel and
Torsten Wiesel in the early 60s. It won them the Nobel prize in 1981. In the V 1 area the “simple”
neurons (as opposed to “complex” and “hypercomplex” cells) are sensitive to orientation (and also to
phase, resolution, spatial frequency, ocular dominance and colour). If we simplify the situation, we can
say that these neurons detect pairs (a, p) of a retinal position a = (x, y) ∈ M (M is the retinal plane or the
visual field, M ' R2 ) and an orientation p at a. Along a penetration orthogonal to the cortical surface, the
retinal position a and the prefered orientation p detected by the neurons remain approximately constant.
This “vertical” redundancy – which implements a population coding of the position – defines orientation
columns of about 20µm. As Gregory DeAngelis demonstrated, the phase variation dominates inside the
columns. Moreover, population coding allows to the system a better resolution than the one of individual
neurons. But, along a penetration parallel to the cortical surface, the prefered orientation p varies from 0◦
to 180◦ in steps of about 10◦ . This “horizontal” grouping of columns defines an orientation hypercolumn
which is a neuronal micro-module from 200µm to 1mm wide.
This neuroanatomic structure means that, for every position a ∈ M , there exists a functional micromodule Pa which implements the space P of every possible orientation. Moreover, what neurophysiologists
call the retinotopy of the retino-geniculo-cortical pathway means that the Pa vary in a regular way with
a. We recognise in this structure the fibre bundle π : V = M × P → M which projects the Cartesian
product M × P onto its first factor M , through the identification of the hypercolumn Pa with the fibre
{a}×P . P can be, according to the case, modelled by the projective line P1 (the circle of angles θ modulo
π), the circle S1 (the one of θ modulo 2π) or the real line R (if we take the slope tan (θ)).
By the way, this natural geometrical interpretation of the hypercolumns in terms of fibre bundles
corresponds to a description given by Hubel himself in 1988 [67] with the concept of “engrafted variables”:
the base-variables are the variables (x, y) of retinal position and the cortex “engrafts” above them other
secondary variables such as the orientation. The “engrafted” variables, i.e. the ones which correspond
to the fibres of the fibre bundles, are similar to what physicists call “internal” variables in field theory.

4.4

Pinwheels and in vivo optical imaging

The structuration of V 1 in orientation hypercolumns has been well understood only after the introduction of revolutionary brain imaging techniques by Amiram Grinvald and Tobias Bonhöffer in the early
90s. This “in vivo optical imaging based on activity-dependent intrinsic signals” used the fact that
the metabolic activity of cortical layers change their optical properties (differential absorption of oxyhemoglobin or deoxyhemoglobine whose fluorescence is an index of the local depolarisation of neurons).
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Figure 4: The pinwheels of V 1. The isochromatic lines are the iso-orientation lines of V 1. (From [138]).
They enable to acquire images of the activity of the superficial cortical layers. Key experiments show how
hypercolumns are geometrically organised in “orientation wheels” called pinwheels: the observed cortical
layer is reticulated by a lattice of singular points (distant about 1200µm in cats and about 600µm in
primates) which are the centres of local pinwheels glued together in a global structure. This pinwheel
organisation can be found in numerous species, cat, primate, tupaya (tree shrew, see [25]), prosimian
Bush Baby (see [139]), etc. Figure 4 from [138] represents V 1. Orientations p at different positions a are
coded by colours and the isochromatic lines are therefore iso-orientation lines.
We notice immediately that there exists a sort of characteristic length Λ of the lattice. It is possible
to measure this approximate periodicity by taking the orientation map, by translating it and calculating
the correlation between the two maps. The first peak of self-correlation gives Λ. We notice then how
the orientations (the colours) are globally distributed in a homogeneous way. We notice also three
classes of points. (i) Regular points where the orientation field is locally trivial (the iso-orientation lines
are approximatively parallel). (ii) Singular points at the centre of the pinwheels where all orientations
converge: they have a positive or negative “chirality” depending on whether, when turning around them,
orientations turn in the same direction or in the reverse one; they present opposed chiralities when they
are adjacent. (iii) Saddle points at the centre of the domains defined by the lattice, that is points where
the iso-orientation lines bifurcate: two iso-orientation lines can start from the same singular point and
end to two opposed singular points.
We shall not confuse the iso-chromatic lines which are iso-orientation lines with the integral curves of
the orientation field itself. We owe figure 5 to Shmuel and Grinvald. White segments represent the preferred orientations coded by colours. We added the field lines of the orientation field near two singularities
whose chiralities are opposed. We can see how pinwheels respectively clockwise and counterclockwise are
associated to the two kind of generic singularities of direction fields in the plane. This is due to the fact
that when a ray of a pinwheel rotates of an angle θ, the associated orientation rotates of θ/2. So, two
diametrally opposed rays correspond to orthogonal orientations. If the orientation ψθ associated to the
ray of angle θ is ψθ = α + θ/2, the two directions will be the same for ψθ = α + θ/2 = θ, i.e. for θ = 2α.
Since α is defined modulo π, there’s only one solution, and we get an end point. On the contrary, if the
orientation is ψθ = α − θ/2, the two directions will be the same for ψθ = α − θ/2 = θ, i.e. for θ = 2α/3.
There are then three solutions, and we get a triple point.
It is really important to notice how the pinwheel structure is a material structure of dimension 2
which implements an abstract structure of dimension 3 (3 degrees of freedom x, y, p). If we compare it
to the fibration model π : V = M × P → M , we see that the dimensional collapse consists in selecting
a finite number of positions c1 , . . . , cN as singular points, taking the fibres Pci and projecting them onto
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Figure 5: The orientation map and the pinwheels of V 1 in a tupaya (tree shrew). We observe the relation
between the pinwheels (colours) and the preferred orientations (white segments). We represented the
field lines (the integral curves) of the orientation field near two singularities whose chiralities are opposed.
(Partially from Shmuel [119]).
M as small circles surrounding the ci . The fibration π will then appear as a limit of such a structure for
an infinite number of pinwheels. We will return later (section 4.6) to this point.

4.5

The pinwheels as phase singularities or dislocations

We see how two a priori different ways of considering pinwheels appear: either as singularities of an
orientation field or as a discretisation of a fibration π. The relation between the two is rather subtle.
4.5.1

From the Wolf-Geisel model to Berry’s dislocations

Being a phase field, an orientation field can be described by a section eiϕ(a) (ϕ modulo π) of the fibre
bundle M ×P1 → M . To simplify let’s take M = R2 . Fred Wolf and Theo Geisel proposed to interpret the
selectivity to the preferred orientation (in other terms the width of the tuning curve) as a field amplitude
(see [141], [142] and the synthesis [74]). Under this hypothesis, the orientation field is modelled by a
complex scalar field Z : R2 → C, a = ρeiθ 7→ r (a) eiϕ(a) . The singularities of the pinwheels, which
are points where the phase ϕ (a) is not defined, become then the zeroes of Z and, as such, they are
similar to dislocations of phase fields commonly encountered in optical structures (and also in liquid
crystals). They are in some sense the dual singularities of caustics because the intensity vanishes instead
of diverging. Of course, the function ϕ (a) can also present (if it is differentiable), some singularities in
the classical sense, i.e. some critical points where the gradient ∇ϕ = 0. These are generically of three
kinds: extrema (maxima or minima) and saddles. From an empirical point of view, extrema (where,
locally, the isochromatic curves will be concentric circles) seem to be absent while saddles are numerous
and occupy the “centres” of the domains defined by the pinwheels. But, dislocations are singularities of
a different nature.
According to the general “philosophy” enlightened by René Thom (cf. section 2.1), in every situation
in which we have to analyse fields, singularities play a structural role which determines and concentrates
what is essential in morphological information. As it is remarked by Michael Berry in [16] (p.724)
for 3 dimensional waves, this philosophy can be applied to phase singularities: “Wave vortex lines can
be regarded as a skeleton, characterizing and supporting the full structure of the wave ψ.” A series of
concepts from singularity theory (genericity, codimension, bifurcation, unfolding, normal form, etc.) seem
therefore relevant for studying pinwheels from a geometrical point of view.
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In Cartesian coordinates, the Z (a) field is written Z (a) = X (a) + iY (a), where X and Y are two
real functions of the variables (x, y). Since R2 ' C, it is sometimes convenient to consider the conjugated
variables z = x + iy and z̄ = x − iy and to express Z as a map Z : C → C which depends on z and z̄.
We can analyse the geometry of Z by using classical tools as gradient ∇, divergence, vorticity, Laplacian
∆, etc. Near a point a0 ∈ R2 taken as origin a0 = (0, 0), we have up to the first order


∂X
∂Y
∂Y
∂X
(0) + y
(0) + i Y (0) + x
(0) + y
(0)
Z (x, y) ' X (0) + x
∂x
∂y
∂x
∂y


∂X
i.e. Z (a) ' Z (0) + a.∇0 X + ia.∇0 Y where ∇0 X is the value at 0 of the gradient of X, ∇X = ∂X
∂x , ∂y
(idem for Y ), and u.v is the scalar product. Thus,
2

2

2

|Z (a) − Z (0)| = R2 = (a.∇0 X) + (a.∇0 Y )

and the level curves R = cst are ellipses. They are circles only if Z (a) can be written as a function Z (z)
∂Y
∂X
∂Y
only of z, in other terms if on the one hand x ∂X
∂x + iy ∂y is proportional to z, which implies ∂x = ∂y ,
∂Y
∂X
∂Y
and on the other hand if y ∂X
∂y + ix ∂x is proportional to iz, which implies ∂y = − ∂x . These fundamental
conditions, called Cauchy-Riemann conditions, express that the gradients ∇X and ∇Y are orthogonal
and characterise the property of holomorphy of Z.
Since Z = X + iY = reiϕ , the dislocations Z = 0 are the intersections of the curves of equation X = 0
and Y = 0. The condition X = 0 corresponds to r cos (ϕ) = 0, i.e. ϕ = π2 mod π if r 6= 0 and Y = 0
corresponds to r sin (ϕ) = 0, i.e. ϕ = 0 mod π if r 6= 0. If X = Y = 0, we necessarily have r = 0 because
the two conditions on ϕ are incompatible. Generically, the curves X = 0 and Y = 0 intersect transversely
at isolated points. This means that the points which satisfy the two conditions are of codimension 2 and,
as the ambient space R2 is of dimension 2, they are isolated points (in an ambient space of dimension 3,
they would be lines).
As we saw in the previous section 4.4, it is necessary to distinguish two fields. The field Z is the field
of orientations. As such, it defines a foliation of the plane R2 through its integral curves. In 4.4 we saw,
with the models of end points and triple points, the local geometry of these foliations at the singular
points. Besides, we have the field of iso-orientation or isophase lines, called “wavefronts” by analogy with
optics, represented by the isochromatic lines in the pinwheel maps. Let’s write it W (a) = s (a) eiχ(a) and
suppose that we could assign a meaning to the amplitude s (a). Unlike the phase ϕ which is only defined
modulo π, the angle χ is defined modulo 2π (if the pinwheels are without distortion, χ can be identified
with θ). Now, we saw how in these cases we locally have the relation ϕ = α ± θ2 , i.e. up to a factor,
2
eiχ = e±2iϕ = e±iϕ . This lets us think that there is a relation of proportionality of the type W ∝ Z 2
between the two fields. We will return to this point later.
Let a0 be a dislocation
of Z taken
H
H as the origin a0 = (0, 0). The topological charge of this singularity
1
is defined by q = 2π
dϕ
where
dϕ symbolises the integral of the differential 1-form dϕ, i.e. the
γ
γ
variation of ϕ, along a little loop γ rotating around a0 in the forward direction. Since a0 is an isolated
singularity, there exists a γ which surrounds only this singularity, and we can show how the integral is
independent from the choice of such a γ. Through the Euclidean structure of R2 , the differential 1-form
dϕ corresponds to the gradient vector ∇ϕH and, if we
H interpret differentials as infinitesimal variations, we
have dϕ = ∇ϕ.da (scalar product) and γ dϕ = γ ∇ϕ.da turns to be what it is classically called the
H
1
∇ϕ.da
“circulation” of the gradient field ∇ϕ along the loop γ. Then, the topological charge q = 2π
γ
can be interpreted as the topological index of the field ∇ϕ. For the field W of isophase lines Z, the angle
χ varies as ±θ and the index is ±1. For the Z field itself, ϕ varies as ± θ2 and the index is ± 12 .
Near a pinwheel, the isophase lines ϕ = cst (the wave-fronts) are the rays of the pinwheel. Along these
fronts dϕ = 0, and therefore ∇ϕ.da = 0. This means that the field ∇ϕ is orthogonal to the rays and
that its trajectories are therefore locally concentric circles centred on the singular point. In general, the
trajectories of ∇ϕ are orthogonal to the fronts. At a dislocation point the gradient ∇ϕ is not defined and
diverges. In order to regularise this kind of situation, Berry and Dennis [13], [47] consider, as physicists
usually do, what is called the current J of the field, i.e. the vector (which points in the direction of the
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gradient ∇ϕ when it is 6= 0) defined by J = r2 ∇ϕ. We notice how J = X∇Y − Y ∇X and therefore
how J is well defined also at the singular points of the phase ϕ. In terms of complex conjugated values
Z and Z the current J is written J = Im Z∇Z because
Z∇Z = (X − iY ) (∇X + i∇Y ) = X∇X + Y ∇Y + i (X∇Y − Y ∇X) .
Another vector (in fact a pseudovector) considered by physicists is the vorticity Ω of the current J .
By definition, Ω = 21 ∇×J = ∇X ×∇Y , where × represents the exterior product of two vectors of R2 and
consists in taking on an axis orthogonal to R2 a!unitary vector e3 so that the frame {ex , ey , e3 } is direct
∂X
∂x
∂Y
∂x

and to put on it the value ω = det

∂X
∂y
∂Y
∂y

of the determinant of the Jacobian of Z considered as

a map from R2 into R2 . The good interpretation of Ω = ωe3 is to make of it a differential 2-form. We will
remark that when Ω = 0, either ∇X = 0 or ∇Y = 0, or the real gradients ∇X and ∇Y share the same
orientation. This condition, which tells that ∇X and ∇Y are parallel, is opposed to the Cauchy-Riemann
conditions, which tell that ∇X and ∇Y are orthogonal. We will notice also how,
in terms of complex

conjugate values Z and Z, the vorticity Ω can be written Ω = 21 Im ∇Z × ∇Z .
As we have seen before, to first order in the neighbourhood of a point a0 taken as origin 0, the module
2
2
2
|Z| of Z is given by |Z (a) − Z (0)| = R2 = (a.∇0 X) + (a.∇0 Y ) . Near a dislocation taken as the origin,
the current J is given up to the first order by J (x, y) ' Ω0 × a = ω0 (−y, x). This enables to evaluate
|J | = r2 |∇ϕ| ' |ω| ρ near the dislocations where ω 6= 0. But locally ϕ is constant on the rays of such
1 ∂ϕ
a singular point, so ∇ϕ is orthogonal to the rays and, since in polar coordinates ∇ϕ = ∂ϕ
∂ρ eρ + ρ ∂θ eθ
(where eρ is the unitary vector of the ray at a and eθ is the unitary vector orthogonal to eρ ), we have
∇ϕ '

1 ∂ϕ
ρ ∂θ eθ .

Whence the formula r2
2

2

∂ϕ
∂θ

the ellipses r2 = (a.∇X) + (a.∇Y ) , r2

∂ϕ
∂θ

= ρ2 |ω| which tells that, while r is (locally) constant on
is on its turn constant on the circles ρ = cst. As it has

been noticed by Mark Richard Dennis in his thesis supervised by Michael Berry [47] (p.41), it is a sort
of “Kepler law” for r2

∂ϕ
∂θ

which works as an “angular momentum”: “equal area vectors of the core

2

anisotropy ellipse [r = cst] are swept out in equal intervals of phase”. We notice how the eccentricity of
the ellipses measures the anisotropy of the vorticity. As we saw, isotropy is absent (the ellipses are not
circles) unless the Cauchy-Riemann conditions are satisfied.
4.5.2

The Helmholtz equation

When presenting some experimental data on the pinwheels, we saw how they are not intrinsic singularities
and appear only when we superimpose the different cortical maps of responses to different orientations.
We saw also that there exists a characteristic mesh of the pinwheel lattice. These two empirical facts
suggest to consider the Z field as a superposition of simpler fields. Now, every field can be considered
through its Fourier transform as a superposition of plane waves Aeiκ.a , where A is a complex amplitude
Eeiφ and κ = (κx , κy ) is a wave vector of wave number k = |κ|. k is analogous to an impulsion and
is associated to the wavelength Λ = 2π
k . When they evolve during time, plane waves are of the form
ω
i(κ.a−ωt)
Ae
, where ω is an angular frequency (or pulsation) associated to the frequency ν = 2π
and the
1
2π
period T = ν = ω .
It is easy to verify how the plane waves U = Aeiκ.a satisfy Helmholtz’s equation ∆U + k 2 U = 0. And
since this PDE is linear, every linear superposition of solutions with different κ but same wave number k
is a solution too. That’s why it is natural to suppose that the field Z satisfies Helmholtz’s equation for
a certain characteristic wavenumber k: ∆Z + k 2 Z = 0. Figure 6, from a work of Michael Berry [13] on
optical currents, shows a superposition of 10 plane waves sharing the same k. We see at what point this
phase field is similar to our orientation fields with pinwheels, iso-orientation lines, orthogonal gradient
lines and saddle points.
Let’s consider now under this hypothesis the divergence of the current J which is given by
div (J ) = r2 ∆ϕ + 2r∇r.∇ϕ
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Figure 6: Superposition of 10 plane waves with the same wave number k. The wave vectors κ are given
in the upper-left square. (From Berry [13]).
where ∇r.∇ϕ is the scalar product and where the Laplacian operator ∆ϕ is by definition the divergence
of the gradient. The Laplacian ∆Z of Z = reiϕ is given by the formula
1 ∂2Z
∂2Z
1 ∂Z
+
+ 2
2
∂ρ
ρ ∂ρ
ρ ∂θ2


2
= eiϕ ∆r − r |∇ϕ| + i (r∆ϕ + 2∇r.∇ϕ)

∆Z =

and therefore if ∆Z + k 2 Z = 0 we necessarily have the two equations
(


2
∆r + r k 2 − |∇ϕ| = 0
r∆ϕ + 2∇r.∇ϕ = 0
The second equation expresses that the current divergence
 vanishes:
 div (J ) = 0. It is a law of conser∂S ∂S
vation. It implies that J can be written as e3 × ∇S = − ∂y , ∂x with
1
ω=
2



∂Jy
∂Jx
−
∂x
∂y



1
=
2



∂
∂x



∂S
∂x



∂
+
∂y



∂S
∂y


=

1
∆S .
2

As much as the first equation is concerned, we met it in optics for caustics in section 2.4 under
 a variant

2
where k is integrated to the phase, i.e. where Z = reikϕ . In this case, it is written ∆r = k 2 r |∇ϕ| − 1 .
When k → ∞, which corresponds to the approximation of geometrical optics, it becomes the eikonal
2
equation |∇ϕ| = 1 of section 2.4, which expresses that the “light rays” (i.e. the trajectories of the
gradient field ∇ϕ) turn at a constant speed around the singularity, while the wave-fronts ϕ = cst are
the rays coming from the singularity (we must be careful here with the lexical confusion between the
two meanings of the term “ray”: the rays of the dislocation singularity are orthogonal to the trajectories
analogous to “light rays”).
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4.5.3

Mesogeometry and microphysics

The optical analogy suggested by the processing of orientation maps as phase fields and of pinwheels as
dislocations of those fields is useful also to better understanding the relations between levels. In optics,
there are three levels: a geometric level, a wave level, and a quantum level. In the analogy, the geometric
level corresponds to the mesogeometric level of contact, symplectic, and sub-Riemannian structures which
we will develop later in this survey. The wave level corresponds to the analysis of pinwheels as singularities
of phase fields that we just performed. However, as Michael Berry noticed [13], wave optics is an average
of microphysical interactions at the quantum level. In particular, the optical current is an “energy flow”
whose trajectories are level lines of S, in a way a “momentum density” which yields the classic force on
a little particle placed at a. As much as the phase gradient ∇ϕ, it gives the momentum induced on the
particle by the impacts of individual photons. And, as the probability of these impacts is r2 , the average
momentum is J = r2 ∇ϕ.
In this context, it could be relevant to make the hypothesis that there exists a micro-physics of
elementary events, in relation to which the geometry of orientation maps is a sort of morphological
skeleton. Spikes could then play the role of “little particles”.
4.5.4

Statistics of pinwheels and Gaussian fields

Pinwheel maps as phase fields can present great diversity. It is therefore interesting to study them from
a statistical point of view starting from certain simplifying hypotheses. It is the purpose of converging
studies by Wolf and Geisel (cf. [141] and [142]), Berry and Dennis [14], [15], [47], Daniel Bennequin’s
workgroup, and also of recent works by Citti, Sarti and their PhD student Davide Barbieri [10].
thesis [47], Mark Dennis gives precise results for the superposition of plane waves Z =
P In his
iκ.a
with complex amplitude Aκ = Eκ eiφκ , in particular in the isotropic case where the Eκ
κ Aκ e
have a distribution which depends only on the wave number k = |κ| of the wave vectors and where the
spatial phases φκ are random angular variables uniformly distributed on [0, π). If the sampling of the
κ in Z is sufficiently fine grained, it is possible to consider that the statistics of the components X and
Y of Z and of their partial derivatives are Gaussian distributions, which
quite
R the computations
P makes
2
accessible. In particular, one defines the energy spectrum E (κ) by 21 κ Eκ2 = E (κ) dκ and the radial
R
2
P
spatial spectrum R (k) by 21 κ Eκ2 = R(k)
2πk dκ. An ulterior simplification consists in considering the
monochromatic waves sharing the same k, κ varying then on the circle of radius k. In this case, R (u)
becomes the Dirac distribution δ (u − k). This hypothesis corresponds to the fact that Z is a solution to
the Helmholtz equation.
It is then possible to compute the average density d of phase dislocations. As these are defined by
the conditions X = 0, Y = 0, it will be given by the average of δ (X) δ (Y ) with respect to the measure
dXdY . With respect to the measure dxdy we must involve the Jacobian of Z (x, y) = X (x, y) + iY (x, y),
i.e.
∂X ∂Y
∂X ∂Y
−
.
∂x ∂y
∂y ∂x
D
E
∂Y
∂X ∂Y
So we have to calculate the average δ (X) δ (Y ) ∂X
−
. As X, Y and their partial derivatives
∂x ∂y
∂y ∂x
are independent random Gaussian variables, we know how to compute them and we find:
Z ∞
K
d=
with K =
k 2 R (k) dk = k 2 R for the measure R (k) dk .
4π
0
|ω| = |∇X ∧ ∇X| =

2

2

4π
k
π
2
But the wave number k is proportional to the inverse of a wavelength Λ = 2π
k so Λ = k2 and 4π = Λ2 .
π
2
Therefore, the density d of singularities is the average Λ2 R . This term in π/Λ has been found by Fred
Wolf and Theo Geisel too.
Generally speaking, we can consider that the orientation maps are random sections of the fibre bundle
R2 × P1 → R2 which satisfy a set of constraints that explain their pinwheel geometrical structure. At
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every point a in R2 , we therefore consider a random variable Za and this defines a random field Z whose
orientation maps Z (a) are samples.
In order to simplify, one supposes in general that the field Z is Gaussian,
i.e. that
n
o the Za are
2
2
Gaussians of average ma = E {Za } (E = expectation) and variance σa = E (Za − ma ) and that all
P
the joint distributions i αi Zai on a finite number of points ai are Gaussian too. Moreover, it is natural
to suppose that the law of the Za is SE (2)-invariant. Translational invariance is called stationarity and
rotational invariance is called isotropy. For an introduction to Gaussian random fields, see for example
[1].
Random variables Za for different a can’t be decorrelated (i.e. independent since for Gaussian random
variables independence and decorrelation are equivalent) because otherwise there would only be Gaussian
noise and no geometrical structures. By the way, the definition of a continuum of independent Gaussian
random variables raises sensible problems. The field Z is characterized by the correlation function
C (a, b) = E {(Za − ma ) (Zb − mb )}. If we divide by variances, we obtain the normalized correlation
function Γ (a, b) = C(a,b)
σa σb . Stationarity implies that C (a, b) = C (a − b) is a function of a − b, and
isotropy implies that C (a, b) = C (a − b) = C (ka − bk) = C (r) is a function of r = ka − bk. Averages
C(r)
are all equal, ma = m, variances too, σa2 = σ 2 = C (0), and Γ (r) = C(0)
.
Correlation functions are very particular because they are symmetrical and positive definite.
(i) In the stationarity case, a theorem by Bochner says that theyRhave a spectral representation which is
a generalised Fourier transform. This means that we have Γ (a) = R2 eiha,κi dF (κ) where
F is a bounded

positive measure on the space of wave vectors κ dual of positions a. We have F R2 = Γ (0) = 1.
(ii) If the measure F is regular with respect to the Lebesgue measure dκ, Rthen it has a spectral
density f (κ) and Bochner’s theorem is reduced to the Fourier transform Γ (a) = R2 eiha,κi f (κ) dκ with
R
1
the inverse transform f (κ) = (2π)
e−iha,κi Γ (a) da.
2
R2
R∞
(iii) If isotropy is present too, then Γ (r) = 0 J0 (kr) kf (k) dk, where J0 is Bessel’s function.
(iv) If we consider also some solutions of Helmholtz’s equations of wave number k0 , then f (k) is
proportional to δ (k − k0 ) and Γ (r) is proportional to J0 (kr) k0 .
In this context, the formula which gives us the statistics of the dislocations of the fields Z (a) which
realize the Gaussian random field Z is a particular case of a fundamental formula called Rice-Kac formula
(see [9]). We want to calculate the average number d = E {# {a ∈ T : Z (a) = 0}} (# means the cardinal
of a set) of zeroes of Z in a unit square T . Let NT be this number. Then we have d = E {NT }. Rice’s
formula says that
Z
d=
E {|det (Jac (Za ))| : Za = 0} pZa (0) da
T

where Jac is the Jacobian and pZa the density of Za . The computations effectuated by Mark Dennis [47]
rest on a calculus of Gaussian integrals. Let Xa and Ya be the components of Za andJa = |det (Jac
(Za ))|.

  ∂Y 
∂X
∂Y
One can show how, for a given a, the six random variables Xa , Ya , ∂X
,
,
,
are
∂x a
∂y
∂x a
∂y
ξ2

a

a

1
e− 2σ2 . As we saw, we must
independent Gaussian variables, each of them with a law of the form √2πσ
compute an integral of the form

 
 


Z
∂X
∂X
∂Y
∂Y
δ (X) δ (Y ) Jpd (X) d (Y ) d
d
d
∂x
∂y
∂x
∂y

where p is the product of the laws. The two first variables Xa and Ya are of variance 1, and this

2
1
introduces a factor √12π
= 2π
in the integral and the four other variables are of variance σ 2 = K
2 ,

4

2
1
1
1
and this introduces a factor √2πσ
= 2πσ
= (πK)
2 . The condition Za = 0 is translated by the
2
2
R
X
δ (X) δ (Y ) in the integral, but δ (X) e− 2 = 1 and the same about Y . It remains therefore to calculate

 
 


Z
k∇Xk2 +k∇Xk2
1
1
∂X
∂X
∂Y
∂Y
−
K
Je
d
d
d
.
2π (πK)2
∂x
∂y
∂x
∂y
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If we shift to polar coordinates, writing ∇X = RX eiψX and ∇Y = RY eiψY , the integral becomes
Z RX =∞ Z RY =∞ Z ψX =2π Z ψY =2π
R2 +R2
1
1
2
2
− XK Y
(R
)
(R
)
|sin
(ψ
−
ψ
)|
e
dRX dRY dψX dψY .
X
Y
Y
X
2π (πK)2 RX =0
ψY =0
ψX =0
RY =0
3

But the integral on the sine function results 8π and the ones on RX and RY give each one 41 K 2
these we finally have:
d=

√

π. From

1
1
1
K
8π K 3 π =
.
2
2π (πK)
16
4π

These statistical computations, which are only a particular simple example of the links between statistics and geometry, are really interesting on a theoretical (and not only numerical) plane for the following
reason. In their 2005 reference book Random Fields and Geometry [2], Robert Adler and Jonathan Taylor
thoroughly studied the generalisations of the Rice-Kac formula for random fields Fa defined on a base
space M and with values in Rk . Let’s take for example k = 1. One of the main problems, extremely difficult, is to compute P {sup
a∈M Fa ≥u} for large u. This probability of “excursion” in the interval [u, ∞) is
well approximated by E χ A[u,∞) where, if D is a domain of Rk , AD := {a ∈ M : Fa ∈ D} and where
χ is the Euler-Poincaré characteristic. Under the hypothesis of Gaussian laws, stationarity, isotropy and
regularity of the correlation functions C, one arrives to (complex) explicit formulas for the E {χ (AD )}.
What is interesting is that proving these formulas involves many fundamental tools of the “philosophy” of
Morse-Whitney-Thom which we presented in our first section 2.1. First, in order to process enough cases,
we suppose that M is a manifold with boundary endowed with a “good” stratification (which satisfies
what are called the Whitney’s A and B conditions) M = ∪k=N
k=0 ∂k M (where k is the dimension of the
strata which compose ∂k M ) with ∂N M = M̊ (the topological interior of M ), ∂0 M = {vertices of M }.
We suppose that the properties of regularity of C imply that the samples F of the field F are Morse’s
functions on M (we use the generalization of Morse’s theory to stratified manifolds owed to MacPherson).
The field F defines
a natural
n
o metric with distance dF (a, b) on the base space M through the formula
2

d2F (a, b) = E kFa − Fb k . So we can use also the resources of Riemannian geometry: curvature tensor,
Levi-Civita connection, covariant derivation, Lipschitz-Killing curvatures, etc.
For k = 1, we apply then to A[u,∞) the formulas which connect Morse’s theory to Euler-Poincaré
characteristic. If the sample F of F is a Morse function and if u is a regular value (i.e. not critical)
of F , A[u,∞) is a sub-manifold with boundary of M which is “well” stratified by the intersection strata
Å[u,∞) ∩∂k M and ∂A[u,∞) ∩∂k M . F is not necessarily a Morse function on A[u,∞) but we can approximate
it by a Morse function Fe on A[u,∞) whose critical points correspond to the critical points of F above u.
The Rice-Kac formula corresponds to the case of a rectangle M = T of RN and to an F with values
in RN . Let J be the Jacobian of a sample F (J is a matrix N × N ). Let Nu be the number of points of
T for which F (a) = u ∈ RN . The formula says that
Z
E {Nu } =
E {|det (J)| : F (a) = u} pa (u) dt .
T

In our case N = 2, F = Z, u = 0 and T is a unit square.

4.6

The fibre bundle V = R2 × P1 as a blowing up model for pinwheels

The similarity between pinwheels and phase dislocations is particularly remarkable. But we have to
underline two points:
1. the model presupposes that selectivity to orientation vanishes at the dislocation points (i.e. at the
centres of the pinwheels);
2. it loses any meaning at the limit case of an infinite number of pinwheels because it gives a field
Z ≡ 0.
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It is therefore necessary to investigate more precisely the neighbourhood of singularities. There exist
key results, e.g., by Pedro Maldonado, Imke Gödecke, Charles Gray and Tobias Bonhöffer [79] or by
David McLaughlin Robert Shapley and Michael Shelley [85], [118].
Now, many of these works, in particular the ones using in vivo imaging methods based upon twophoton confocal microscopy (methods which enable one to reach the resolution of individual neurons, see
Ohki et al. [94]), show how orientation selectivity is still good at the singular points of pinwheels. This
is why we proposed to reconsider the pinwheels as blowups. A blowup is constituted by a singular point
a, a fibre Pa ' P1 and a helicoidal local section, above a small neighbourhood U of a, of the fibre bundle
π : U × P1 → U . The section is constructed by taking as orientation above any point b 6= a of U the
orientation of the segment ab.
The idea is therefore to lift up the orientation field from R2 to V = R2 × P1 by blowing up the
dislocations ci and by lifting up the field lines as curves in V: if a field line γ starts from a source c1 with
an angle θ1 to end at the sink c2 with the angle θ2 , γ is lifted to a curve Γ of V which starts from the
height θ1 in the fibre above c1 and arriving at height θ2 in the fibre above c2 . Only the fibres above the
ci are involved and everything is as if we had blew up the ci in parallel. The tangent structures to this
multi-blowing-up in the infinitesimal neighbourhoods of the fibres Pci = ∆i → ci are all isomorphic to
the local model.
In order to pass to the limit when the mesh of the lattice L of the ci tends to 0, a method is to use a
2
“non-standard” model 5 (R∗ ) of R2 where, around each standard point a = (x, y), there is a “monad”
of infinitesimals
µ(a) = {(x + dx, y + dy)}. In the blowup, the fibre ∆∗ above a standard point is then

dy
1 ∗
a P
and dx a non-standard real number p∗ = p + dp, equivalent to p ∈ P1 . To first order, field lines
boil down to infinitesimal
segments from a to a + da. The standard part of the non-standard fibration
∗
∗
V∗ = R2 × P1 gives not only the fibre bundle π : V = R2 × P1 → R2 but also the infinitesimal
structure defined on it by the differential 1-form ω = dy − pdx, i.e. the contact structure, as we will see
in section 4.9.
The advantage of a non-standard model is to make intuitive the dimensional collapse which characterises the pinwheel structure. We take the fibre bundle π : R2 × P1 → R2 , we “compactify” the fibres 6
until they become infinitesimal and we project them into the monads µ(a). This concept of blowing up
where the fibre ∆ is made infinitesimal and projected on the base plane has been introduced for reasons
of high pure mathematics of a different order (singularities of analytical functions and Gevrey classes)
by Pierre Deligne [46] in 1986 in his correspondence with Bernard Malgrange and Jean-Pierre Ramis.
Pierre Deligne introduced the concept of a “fat point”, which consists in substituting a point a ∈ C, let’s
e = (C− {0}) ∪ D (union
say a = 0, with a little disc D with boundary ∆, and in considering the space C
of C− {0} with D) endowed with the topology of the blowing up of 0 in C along (C− {0}) ∪ ∆. In his
last text on Gevrey’s classes (edited by Jean-Pierre Ramis), Jean Martinet [83] used this construction
with discs D which are infinitesimal in the sense of non-standard analysis. We could say that, at the
continuous limit, a lattice of pinwheels becomes a continuum of “fat” points, the standard part of this
structure returning the fibre bundle π : V = R2 × P1 → R2 .

4.7

Independent “engrafted” variables and the transversality principle

In the previous section, we focused on a single “engrafted” variable, the orientation one, but other
“engrafted” variables exist, for example spatial frequency (the size of the receptive profiles, i.e. the scale
or the resolution) or the ocular dominance (the correlation between a simple neuron and the ipsilateral
or contralateral eye). All these “internal” variables are implemented in 2- dimensional cortical layers. In
the orientation case, an abstract structure of dimension 3 collapsed in dimension 2; now we are concerned
with an abstract structure of dimension 5. This drastic dimensional collapse obviously raises the question
on how to know how to represent in dimension 2 the independence of the “internal” variables. It is a
central problem, emphasised by specialists as for example Nicholas Swindale [126].
5 In

a non-standard universe of set-theory, if X is a set, we write X ∗ for its non-standard enlargement
as in physics, in Kaluza-Klein models of field theory.

6 Just
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Figure 7: The relations between pinwheels and ocular dominance domains. Many iso-orientation lines
cross the boundaries of the ODD quite orthogonally. (From Hübener et al. [68]).
Experimental data, e.g. the ones of Hübener et al. [68], show how the boundaries of the ocular
dominance domains (ODD) are strongly transversal, and often quasi-orthogonal, to iso-orientation lines
(see figure 7). It is so also for the boundaries of the frequency domains. Consequently, it seems that the
solution found by the biological evolution has been to maximise a condition of transversality. Evidently,
if more than 2 internal variables exist, then transversality can’t be that strong everywhere; nevertheless
we can have an optimisation of two antagonist constraints of transversality. This seems really to be the
case.
Hongbo Yu et al. [140] analysed the relation between the three maps of orientation, ocular dominance,
and spatial frequency, by focusing on the way in which a strong transversality codes the independence of
the associated continuous variables. They considered the gradients of the variables and first showed how
they are maximal in disjoint zones and how transversality is maximal when the two gradients are jointly
sufficiently strong. As they say, (p. 277), “two features are mapped orthogonally in their high-gradient
overlap regions”. In figure 8, we see the field lines of the orientation field (which are the level lines of
the “orientation” variable) and the level lines of the ODD. The centres of the pinwheels are the points
where the orientation gradient is maximal and the boundaries of the ODD are the level lines where
the gradient of ocular dominance is maximal. These singularities avoid each other according to many
experiments which show how the centres of the pinwheels are placed on the symmetry axes of the ODD.
In the grey regions the two gradients are jointly high. We find that in these regions transversality is also
very high, almost an orthogonality. These two constraints of avoidance and of transversality express the
independence.
It is particularly remarkable to see how the structural principle of transversality, to which René Thom
gave so much importance, could be used by biological evolution for functional purposes.

4.8

Horizontal connections and association field

Hypercolumns correspond to the “vertical” retino-geniculo-cortical connectivity. One of the great experimental findings of the 90s were the lateral cortico-cortical “horizontal” connections which are internal
to cortical layers, long-ranged (up to 6-8mm), excitatory, slow (about 0, 2 m / s) and distributed in a
very anisotropic and “patchy” way. This second set of connections is particularly important for neurogeometry, because it implements the functional architecture which enables contour integration. The
fibre bundle structure π : M × P → M is not sufficient to this purpose because the visual system needs
also to compare orientations above different points a and b of M (and so fibres Pa and Pb ). It is this
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Figure 8: The iso-orientation lines and the level lines of the ODDs. In the grey zones the two gradients
are jointly high. We notice how transversality is then very strong. (From Yu et al. [140]).
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Figure 9: Diffusion of biocytine along the horizontal connections of the 2/3 layer of V 1 in a tree shrew
(tupaya). The injection site is marked by white dots in the upper-left corner. The synaptic buttons reached
by diffusion are marked in black. The distribution is anisotropic and “patchy”, clustering in domains
of the same orientation as the injection site, and globally concentrated along the diagonal top-left →
bottom-right. (From Bosking et al. [25]).
process, which geometers call parallel transport since Elie Cartan, which is neurally implemented through
the lateral “horizontal” connections. Indeed, experimental data show how these connections link neurons
with similar preferred orientations in distant hypercolumns.
Figure 9, from Bosking et al. [25], shows how biocytine locally injected in a zone of about 100µm
of the layer 2/3 of V 1 of a tupaya (tree shrew), diffuses along horizontal connections in a selective,
“patchy”anisotropic way. Short-ranged diffusion is isotropic and corresponds to intra-hypercolumnar
inhibitory connections. On the contrary, long-ranged diffusion is highly anisotropic, corresponding to
excitatory inter -hypercolumnar connections and is restricted to domains sharing the same orientation
as the injection site. We notice also how the marked synaptic buttons cluster along a great diagonal
top-left →bottom-right. The interpretation of this striking phenomenon is that “horizontal” connections
preferentially link not only contact elements (a, p) and (b, q) with p and q approximately parallel, but
above all approximately coaxial elements where the common orientation p is the orientation of the axis
ab.
This major result has been confirmed on a psychophysical plane by David Field, Anthony Hayes
and Robert Hess’ works on perception of the orientation of segments, in their 1993 article Field et al.
[50]. If we consider a set of randomly distributed little segments, perception does not identify any global
structure in them. However, if a curve γ with a weak curvature, composed of aligned segments vi = (ai , pi )
is embedded in a background of other randomly-oriented distractors, subjects perceive very well global
alignment through a phenomenon of pop-out (of perceptual saliency). As the authors explain, it is a
low-level integration: there exist local neurophysiological binding rules which let a global perceptual
organization emerge.
The measure of the variations of the detection rate in function of the spatial positions and relative
orientations of elements vi = (ai , pi ) enabled Field, Hayes and Hess to conclude that the tendency of the
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Figure 10: Schema of the association field. Two elements (a1 , p1 ) and (a2 , p2 ) are connected (thick lines)
if it is possible to interpolate between the positions a1 and a2 using a curve γ with low curvature, tangent
to p1 at a1 and to p2 at a2 . Otherwise the two elements cannot be connected (thin lines).
elements to be perceived as aligned along a curve comes from the existence of a specific connectivity which
they called association field. This connectivity is defined by joint conditions on positions and orientations
(see figure 10).
The psychophysical reality of the association field has been confirmed by other experiments, in particular the ones by Jean Lorenceau and Yves Frégnac which used the method of the apparent speed of
fast sequences of oriented segments (“speedup illusion”). One presents to the subject a series of segments
moving along a vertical straight line with a certain speed, where these segments can be oriented in the
direction of the motion (vertical colinearity) or in the orthogonal one (horizontal parallelism). One finds
that the apparent speed is over-estimated in the colinearity case and under-estimated in the parallelism
case. It seems that over-estimation is an effect of the association field and results from the propagation of activity along the horizontal lateral connections. Besides, in the colinearity case, the increase
of the apparent speed measured through these psychophysical methods turns to be essentially comparable (about 0.2 m/s) to the propagation speed in the horizontal cortico-cortical connections measured by
electrophysiological means. The association field seems then to be an effect of the functional architecture.
In a recent article [97], J. Lorenceau and his colleagues confirmed through MEG (magnetoencephalography) this speeding up of vertical apparent motion. The imagery data show how along the horizontal
cortico-cortical lateral connections there exists a wave propagation and more precisely a spike train
alignment mechanism “that synchronises the neuronal activity tied to a figure contour”. Co-alignment
shortens the response latency and induces a phase advance along contours. This seems to explain the
pop-out and perceptual saliency phenomenon observed by psychophysical means.

4.9
4.9.1

The contact structure
Legendrian lifts and the integrability condition

The experimental results provided by the new imaging techniques had an utmost importance for neurogeometry. Firstly, on the plane of the history of geometry, they show from what neuronal processes,
inherited from a vast phylogeny, can emerge the primitive geometric form of a line. They allow to measure the abyss which separates the neuronal materiality from the geometrical ideality. A line is obtained
through the integration of oriented segments vi = (ai , pi ) (i.e. contact elements, see below) whose orientations pi are tangent to a curve interpolating the positions ai . This means that, in V 1, a line is
represented as the envelope of its tangents and not as a set of points. In some sense, neural darwinism
invented what in classical geometry is called “projective duality”. Here we reach the origin of geometry.
Then, as far as functional architecture is concerned, these results show also that V 1 is mainly dedicated to
the extraction of edges through integration. Finally they allow understanding of how V 1 can “calculate”
geometry.
The last point is of a particular importance, and it has been well explained by Jan Koenderink [77].
With the firing rates of spikes along their axons, neurons can only code numerical values of features
localised at their receptive field. As Koenderink says, they are “point processors”. Retinotopic fields of
neurons activated in parallel can only calculate fields of numerical values, that is functions f (a). Thus,
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how can they perform computations of differential geometry which impose to compute derivatives and
therefore limits? “Differential calculus” must come from very specific functional architectures which are
structured in such a way that propagation of activity along their connections is equivalent to a differential
calculus. But this is possible only if we add supplementary variables as the orientation p, and a functional
architecture forcing the interpretation of p as a tangent orientation. This is why the subtle notions of jet
and of contact structure must be involved in a natural way imposed by experience. In his 1989 article
“The visual cortex is a contact bundle” [64] William Hoffman had already explicitly formulated the
idea that contours lift the discontinuities of the retinal stimulus into a retinotopic contact fibre bundle
implemented in the cortical hypercolumns.
To explain all these concepts, let us begin with the model πJ : J 1 (R, R) = VJ = R2 × R → R2 with
M = R2 , P = R the line orientations θ measured by tan (θ), and J 1 (R, R) the fibre bundle of 1-jets of
smooth curves in R2 , which is defined in the following way. Consider in R2 a smooth curve γ which is
the graph {x, f (x)} of a real function f on R. The first order jet of f at x, j 1 f (x), is characterized by
3 slots: the coordinate x, the value y = f (x) of the function f at x, and the value p = f 0 (x) of the first
derivative of f at x. So, a 1-jet is nothing else than a triple v = (a = (x, y) , p), what geometers call a
contact element. Conversely, to every contact element v = (a, p), one can associate the set of smooth
functions f whose graph is tangent to v at a.
One can give a more geometric version of the fibration πJ . Consider at every point a of M , not
the tangent plane Ta M , but the set Ca M of its lines through the origin 0. Ca M is isomorphic to the
projective space P1 . The total space CM = R2 × P1 gluing these fibres is called the contact bundle of
M . We will denote it by VP . VP is the compactification of the space of 1-jets J 1 (R, R) = VJ and its
fibre P1 corresponds to the fibre R of VJ via the stereographic projection P1 − π2 → R, θ 7→ tan (θ).
Now, let γ be a parametrised smooth curve a(s) = (x(s), y(s)) in the base plane R2 (a contour) with
0
x (s) 6= 0. It can be lifted to VJ using the 1-jet map j 1 γ(a(s)) of γ that associates to a(s) = (x(s), y(s)) the

0
contact element a(s), pa(s) where pa(s) = xy 0 (s)
(s) is the slope of the tangent to γ at a(s). If there are vertical
tangents we have to use the compactification VP of VJ . So Γ = γ
e = v (s) = (a(s), p(s)) = (a(s), pa(s) (s)).
This lift Γ = γ
e – called the Legendrian lift of γ – represents γ as the envelope of its tangents. So, to
every smooth curve γ in R2 (without any vertical tangent) is associated a skew curve Γ in VJ or VP .
But the converse is of course completely false. If Γ = v(s) = (a(s), p(s)) = (x (s) , y(s), p(s)) is a skew
curve in VJ or VP , the projection a(s) = (x (s) , y(s)) of Γ is a curve γ in R2 . But Γ is the Legendrian
lift γ
e of γ if and only if p(s) = pa(s) (s). In other words, if Γ is locally defined by equations y = f (x),
p = g(x), there exists a curve γ in R2 such that Γ = γ
e if and only if g(x) = f 0 (x), that is if and only
0
if p = y . This condition is called an integrability condition. It is the geometric interpretation of the
functional architecture of V 1 and of the association field.
The integrability condition can be formulated in a more interesting way. Let t = (a, p; α, π) =
(x, y, p; ξ, η, π) be tangent vectors to VJ at v = (a, p) = (x, y, p). Along γ (we suppose x is the independent
variable) t = (x, y, p; 1, y 0 , p0 ) and the integrability condition p = y 0 means that we have in fact t =
(x, y, p; 1, p, p0 ). It is straightforward to verify that this condition is equivalent to the fact that t is in the
dy
kernel of the differential 1-form ωJ = dy − pdx, ωJ = 0 meaning simply that p = dx
. Indeed, to compute
the value of a 1-form $ on a tangent
vector
t
=
(ξ,
η,
π)
at
(x,
y,
p),
one
applies
the rules dx(t) = ξ,
P
dy(t) = η, dp(t) = π. If $(t) =
$i ti (where ti and $i are the components of t and $ with respect to
the bases of T VJ and T ∗ VJ associated to the coordinates (x, y, p)), one gets ωJ (t) = −p.1 + 1.p + 0.p0 =
−p + p = 0 since ωJ = −pdx + 1.dy + 0.dp and dx (resp. dy, dp) applied to (1, p, p0 ) selects the first
(resp. second, third) component 1 (resp. p, p0 ). It must be emphasised that if p = y 0 the “vertical”
component π = p0 of the tangent vector t in the direction of the p-axis is the curvature of the projection
γ at a. Indeed, p = y 0 implies p0 = y 00 and therefore π = p0 = y 00 .
The 1-form ωJ is called the contact form and its kernel is the field K of planes Kv – called the contact
∂
∂
planes – with equation −pξ + η = 0. The tangent vectors X1 = ∂x
+ p ∂y
= (ξ = 1, η = p, π = 0) and
∂
X2 = ∂p = (ξ = 0, η = 0, π = 1) are evident generators. Now we can express purely geometrically the
integrability condition: a curve Γ in VJ is the Legendrian lift γ
e of its projection γ if and only if it is
everywhere tangent to the field K of contact planes, i.e. if and only if it is an integral curve of K.
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4.9.2

The contact structure as a Cartan connexion

The contact structure has several interesting properties. First, if we don’t consider any more the projection πJ : VJ = R2 × R → R2 on the plane (x, y) but the projection πJ0 : VJ = R2 × R → R2 on the plane
(x, p), we can show how the 1-form ωJ defines a connection in the sense of Elie Cartan, the contact plane
Kv becoming what are called the “horizontal” planes. This representation deepens the projective duality
which we already mentioned. Instead of taking as base plane the (x, y) plane and as fibre the axis of the
dy
, we take as base plane the (x, p) plane and as fibre
tangents p calculated through the derivation p = dx
the y axis, the curves γ being now given as functions
p = Rg(x), i.e. as envelopes of their tangents and
R
y being calculated through the integration y = y 0 dx = pdx. The curvature dωJ of the connection
1-form ωJ has to be a symplectic form on the new base plane. It is evident, since dωJ = dx ∧ dp is the
standard symplectic form on the (x, p) plane.
4.9.3

The non integrability of the contact structure

The contact structure K is the field of planes Kv ⊂ Tv VJ defined by the equations η = pξ parametrised
by p. As the Legendrian lifts are its integral curves, there exists therefore a lot of 1-dimensional integrals.
But, nevertheless, there exist no 2-dimensional integrals, no surfaces S of VJ which are tangent to Kv
at every point v ∈ S, i.e. such that Tv S = Kv . This is due to the fact that the field Kv spins too rapidly
with p to be integrable: Kv is the “vertical” plane above the “horizontal” line of slope p and, when p
varies along the fibre Ra above a, it rotates with p.
More precisely, the non integrability of K – called non holonomy – results from the violation of the
Frobenius integrability condition saying that a 1-form $ admits integral surfaces if and only if $ ∧d$ = 0
(that is d$(t, t0 ) = 0 for all tangent vectors t and t0 such that $(t) = $(t0 ) = 0). Now, for ωJ = dy − pdx
one gets


∂p
∂p
∂p
dx ∧ dx +
dy ∧ dx +
dp ∧ dx + d2 y − pd2 x
dωJ = −
∂x
∂y
∂p
= −dp ∧ dx = dx ∧ dp
and therefore
ωJ ∧ dωJ = (−pdx + dy) ∧ dx ∧ dp = dy ∧ dx ∧ dp = −dx ∧ dy ∧ dp .
∂
∂
But this 3-form is a volume form of VJ and vanishes nowhere. By the way, for the basis X1 = ∂x
+ p ∂y
=
∂
∂
/ Kv
(1, p, 0), X2 = ∂p = (0, 0, 1) of Kv one has [X1 , X2 ] = −X3 = − ∂y = (0, −1, 0) and X3 = (0, 1, 0) ∈
since ωJ (X3 ) = 1 6= 0.

4.9.4

Scale and characteristic vectors

It must be emphasised that the definition of the contact structure using the 1-form ωJ contains more
information than the definition using its kernel, i.e. the distribution K of contact planes Kv . Indeed,
the 1-forms ωJ and αωJ (α 6= 0 ∈ R) have the same kernel and define the same distribution. The
supplementary information encoded in ωJ is the numerical value of ωJ on the “characteristic” tangent
vector X3 transverse to Kv .
4.9.5

SE(2)-invariance

The contact structure is invariant under the action of the special Euclidean group G = SE(2) of rigid
motions in the plane, which is the semi-direct product SE(2) = R2 o SO(2) of the rotation group
SO(2) and the translation group R2 . If (b, rθ ) is an element of SE(2), it acts on a point a of R2 by
(b, rθ )(a) = b + rθ (a). If (b, rθ ) and (c, rϕ ) are two elements of SE(2), their (non commutative) product
is given by the formula:
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(c, rϕ ) ◦ (b, rθ ) = (c + rϕ (b), rϕ+θ ).
This product is noncommutative since (b, rθ ) ◦ (c, rϕ ) = (b + rθ (c), rθ+ϕ ) and c + rϕ (b) 6= b + rθ (c) in
general. The rotation rθ acts on the fibre bundle VJ by rθ (a, p (ϕ)) = (rθ (a), p (ϕ + θ)) (where p (ϕ) is
the orientation of angle ϕ), this very particular form of action expressing the fact that the alignment of
preferred orientations is an invariant property.
4.9.6

The polarised Heisenberg group

A key point concerning the contact structure of VJ is that it is left-invariant for a noncommutative Lie
group structure which is isomorphic to the Heisenberg group and called the polarised Heisenberg group.
The product law is given by the formula:
(x, y, p).(x0 , y 0 , p0 ) = (x + x0 , y + y 0 + px0 , p + p0 ) .
It is straightforward to verify that this law is associative, that the origin (0, 0, 0) of VJ is its neutral
element, and that the inverse of v = (x, y, p) is v −1 = (−x, −y + px, −p). Due to the asymmetry of the
coupling term px0 , the product is noncommutative. VJ is a semi-direct product VJ = R2 o R. The base
plane R2 of the fibration πJ : VJ = R2 × R → R2 is the commutative subgroup of translations and the
centre Z of VJ is the y-axis. Indeed, v 0 = (x0 , y 0 , p0 ) commutes with all v ∈ VJ if and only if for every
v = (x, y, p) we have px0 = p0 x, which implies x0 = p0 = 0.
If t = (ξ, η, π) are vectors of the Lie algebra VJ = T0 VJ of VJ , VJ has Lie bracket
[t, t0 ] = [(ξ, η, π), (ξ 0 , η 0 , π 0 )] = (0, ξ 0 π − ξπ 0 , 0)
∂
∂
∂
+ p ∂x
= (1, p, 0) and X2 = ∂p
= (0, 0, 1)
and is generated as a Lie algebra by the basis of Kv : X1 = ∂x
at v = 0. Indeed, at 0, X1 = (1, 0, 0), X2 = (0, 0, 1) and [X1 , X2 ] = (0, −1, 0) = −X3 (the other
brackets = 0). The fundamental fact that the basis {X1 , X2 } of the distribution K is bracket generating,
i.e. Lie-generates the whole tangent bundle T ∗ VJ is called the Hörmander condition. It is the key
property for generalising to higher dimensions and general manifolds our very simple contact structure
VJ . Moreover this group is nilpotent of step 2, which means that all brackets of the form [t, [u, v]] vanish.
We will measure in the following sections the importance of Hörmander’s condition. Lars Hörmander
(Fields Medal 1962) was one of the main specialists of hypoelliptic differential operators such as subRiemannian Laplacians. His 1983 four volumes Analysis of Linear Partial Differential Operators [66] is
a fundamental reference. Another classical opus is Elias Stein’s 1993 Harmonic Analysis, Real Variable
Methods, Orthogonality, and Oscillatory Integrals [124]. With Linda Preiss Rothschild, Stein applied the
theory to nilpotent groups (see [109]).
Computations in VJ become very easy if we use the matrix representation


1 p y
v = (x, y, p) =  0 1 x 
0 0 1

and



0
t = (ξ, η, π) =  0
0

π
0
0


η
ξ 
0

Indeed, the product in VJ becomes the matrix product v.v 0 and the Lie product in VJ becomes the
commutator [t, t0 ] = t.t0 − t0 .t. Using this trick, it is easy to see that the contact structure is left-invariant.
The left translation Lv of VJ is defined by Lv (v 0 ) = v.v 0 and is a diffeomorphism of VJ whose tangent
map at 0 is the linear map
T0 Lv :

VJ = T0 VJ
t = (ξ, η, π)

→
7
→

Tv VJ
T0 Lv (t) = (ξ, η + pξ, π)
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The matrix of T0 Lv is




1
0
0
1
0  .
T0 Lv =  p
0
0
1
o
n
∂
∂
∂
, ∂y
, ∂p
of the tangent bundle T VJ associated to the coordinates {x, y, p}
This shows that the basis ∂x
is not left-invariant.
It isothe source of non holonomy.
basis we must translate via
n
o
n To get a left-invariant
∂
∂
∂
∂
∂
∂
∂
Lv the basis ∂x , ∂y , ∂p
at 0. We get the basis ∂x + p ∂y , ∂y , ∂p , that is {X1 , X3 , X2 }.
0
Let now t be a vector of the contact plane K0 at 0. Since η = pξ and p = 0, we have η = 0. Its
translated T0 Lv (t) is therefore (ξ, pξ, π), and since η = pξ, T0 Lv (t) is an element of the contact plane Kv
and the contact structure K = {Kv } is nothing else than the left-invariant field of planes left-translated
from K0 . In fact, the 1-form ωJ itself is left-invariant and left-translates ωJ,0 = dy.
Using the matrix form, it is also very easy to analyse other aspects of the Lie group structure of VJ , its
adjoint and coadjoint representations and its unitary irreducible representations (unirreps). According
to a variant of the Stone-von Neumann theorem concerning the Heisenberg group, every unirrep of
the polarised Heisenberg group VJ which is not trivial on its centre Z (the y-axis) is equivalent to a
Schrödinger representation πλ (x, y, p) acting on the infinite dimensional Hilbert space H = L2 (R, C) via
πλ (x, y, p) u (s) = eiλ(y+xs) u(s + p), with λ 6= 0 .
For λ = 0 these unirreps degenerate into trivial representations of dimension 1:
πµ,ν (x, y, p) u (s) = ei(µx+νp) u(s) .
According to a deep theorem due to Kirillov, these unirreps correspond to the orbits of the coadjoint
representation of VJ : the planes (R, η ∗ , R) if η ∗ 6= 0 and, if η ∗ = 0, every point of the (ξ ∗ , 0, π ∗ ) plane
((ξ ∗ , η ∗ , π ∗ ) are vectors of the dual Lie algebra VJ∗ of VJ ). We will return on these topics in section 5.4.3.
4.9.7

Contact structure and “simplexity”

The contact structure of the space of 1-jets is a good example of what Alain Berthoz proposed to call
“simplexity”, i.e. the original solution found by biological evolution “to decompose complex problems
in simpler sub-problems, thanks to specialised modules, and to recompose the whole later” ([17], p.22).
In our case, the complex problem is to compute the derivatives of some functions with respect to retinal
position variables a = (x, y). The “simplex” solution phylogenetically “invented” by simple neurons of V 1
consists in adding a new independent variable p to the variables (x, y), in organising in specialised modules
(orientation hypercolumns) the values of the three variables, i.e the contact elements (a, p), in processing
the inputs by measuring the point values of the (a, p) they activate, and finally in recomposing the whole
through a functional architecture which guarantees the equivalence between, on the one hand, taking the
point values of the three variables (x, y, p) and, on the second hand, deriving the initial variables (x, y).
This equivanence is exactly the definition of a 1-jet: {x, y, p} ' j 1 y(x) (see. [108]).

4.10

Illusory contours as sub-Riemannian geodesics

In this initial neuro-geometrical framework, we can easily interpret the variational process giving rise
to Kanizsa illusory contours evoked in the RIntroduction. We presented in section 3.3 Mumford’s model
defined in R2 by an energy of the type E = γ (ακ2 + β)ds. But we can now use what we know concerning
the functional architecture of V 1. The pacmen define two contact elements (a, p) and (b, q) and an illusory
contour interpolating between (a, p) and (b, q) is a skew curve Γ in VJ from (a, p) to (b, q) which is at the
same time:
1. a Legendrian lift γ
e of a curve γ in the base plane R2 , i.e. an integral curve of the contact structure
(integrability condition p(x) = y 0 (x));
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2. a curve “as straight as possible”, as it was already emphasised by Shimon Ullman in 1972 [135]
when he introduced the idea of a variational model “minimising total curvature”.
The simplest way to satisfy these two requisites is to model illusory contours using geodesics for a
natural metric because, since the variation of p measures the curvature κ of γ, we minimise at the same
time the length and the curvature of the projection γ. But, due to condition (1), the metric has to be
defined only on the distribution K of contact planes Kv . In our 1999 first synthesis of neurogeometry
Vers une neurogéométrie. Fibrations corticales, structures de contact et contours subjectifs modaux [101],
geodesics were computed solving the Euler-Lagrange equations with the Lagrange multiplier expressing
the condition of integrability. And these equations were reformulated in the framework developed by
Robert Bryant and Phillip Griffiths for variational models on Lie groups. Later on, the search for constraint minima was naturally interpreted in terms of a suitable metric defined on the contact distribution
K. Such a metric is called sub-Riemannian and so the modelling of illusory contours is embedded into
the mathematical context of left-invariant sub-Riemannian metrics on nilpotent Lie groups.
We will return to sub-Riemannian geodesics in section 5.2. We will then explain in what rigorous sense
Kanizsa illusory contours are “geodesics of a sub-Riemannian geometry defined on the contact structure
of the fibre bundle of 1-jets of planar curves”. But before explaining this sub-Riemannian geometry of
VJ , let us sketch how Bryant-Griffiths’ more sophisticated framework enables to work directly in SE (2).

4.11

From Maurer-Cartan to Bryant-Griffiths

A powerful tool to solve this kind of variational problem is the method of the moving frame introduced
by Elie Cartan. It is rather sophisticated but gives a remarkable insight. The (direct) euclidean frames
of R2 constitute the Lie group G = SE(2) = R2 o SO(2) which is a principal fibre bundle of base R2 .
An essential structure associated to G and to its Lie algebra G, a structure which explains the problems
of non-holonomy,
is what is callled the Maurer-Cartan form. Let’s start from the general expression

1
0
of an element g of G represented through a 3 × 3 matrix where b is a column vector
g=
b
eiθ
iθ
of translation
{u, v} and

 e the 2 × 2 matrix of rotation angle θ. We consider the differential of g,
0
0
dg =
and we interpret it as a differential 1-form on G with values in G. This means
db
ieiθ dθ
that the components of dg are 1-forms on G, but that dg has the type of an element of G. In other terms,
if Ω1 (G) is the vector space of 1-forms on G, dg is an element of the tensor product Ω1 (G) ⊗ G. If g = e,
we verify that dg(e) is the identity of G. This means that dg(e) is a 1-form on G and is therefore applied
to vectors ς ∈ G. But as it has values in G, we have dg(e)(ς) ∈ G. Identity means that dg(e)(ς) = ς. More
generally, dg can be interpreted as the identity function of the tangent fibre bundle T G. The problem of
non-holonomy is that dg is not invariant for the left-translations Lg . It is the identity function of T G,
but not the one of T G globally trivialised by the Lg . Indeed, a 1-form on G with values in G which is
G-invariant by left-translations must have constant components in the invariant bases of the Tg∗ G dual
to the invariant bases of the tangent spaces Tg G. Now, this is not the case for dg.
Then, Cartan’s idea is to translate dg(e) in order to get a 1-form on G with values in G which will
be by construction invariant under the left-translations Lg . Let ΛG : T G → G be this 1-form, called
the Maurer-Cartan
∗form. We can easily interpret it in a geometrical way. Indeed, we have by definition
ΛG (g) = Tg Lg−1 dg(e).7 If ς ∈ Tg G is a tangent vector to G at g, ΛG (g)(ς) = Tg Lg−1 (ς), in other
terms, ΛG transports ς in G 
through the globaltrivialisation provided by the left-translations Lg . We
0
0
verify that we have ΛG (g) =
. Traditionally, one writes ΛG under the compact form
e−iθ db
idθ

∗
ΛG = g −1 dg where g −1 symbolises Tg Lg−1 .
From now on we will write ω and ρ the 1-forms (with scalar values respectively in C and R) e−iθ db
7 We

“
”∗
have Tg Lg−1 = (Te Lg )−1 : Tg G → Te G and therefore by duality Tg Lg−1
: Te∗ G = G ∗ → Tg∗ G.
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and dθ. With these notations, the 1-form ΛG (with values in G) is written:


0
0
ΛG =
=ω⊗ξ+ρ⊗τ
ω
ρ
where (ξ, τ ) is the natural basis of G which corresponds to infinitesimal translations and rotations.
The remarkable fact is that the structure of the Lie algebra of G can be retieved from the MaurerCartan form ΛG and is given by the universal formula dΛG = − 12 [ΛG , ΛG ]. The exterior derivative of ΛG
is a G-invariant 2-form with values in G. In order to calculate it, we calculate first the exterior derivatives
of the components ω and ρ. We get, since for every scalar differential form σ we have a d2 σ = 0:

dω = −ie−iθ dθ ∧ db + e−iθ d2 b = ie−iθ db ∧ dθ = iω ∧ ρ
dρ = d2 θ = 0
and so
dΛG = dω ⊗ ξ + dρ ⊗ τ = i(ω ∧ ρ) ⊗ ξ .
1

Now, the space Ω (G) ⊗ G of the 1-forms on G with values in G is endowed with an exterior product
which allows interaction between the exterior product of the 1-forms and the Lie bracket of G. Indeed,
let ς = µ ⊗ ξ + ν ⊗ τ and ς 0 = µ0 ⊗ ξ + ν 0 ⊗ τ be any two elements of Ω1 (G) ⊗ G. We have by definition:
[ς, ς 0 ] = (µ ∧ µ0 ) ⊗ [ξ, ξ] + (µ ∧ ν 0 ) ⊗ [ξ, τ ] + (ν ∧ µ0 ) ⊗ [τ, ξ] + (ν ∧ ν 0 ) ⊗ [τ, τ ]
which is a vector 2-form with values in G, i.e. an element of Ω2 (G)⊗G. As [ξ, ξ] = [τ, τ ] = 0, [τ, ξ] = − [ξ, τ ]
and [ξ, τ ] = −iξ, we finally obtain:
[ς, ς 0 ] = ((µ ∧ ν 0 ) − (ν ∧ µ0 )) ⊗ [ξ, τ ] = −i ((µ ∧ ν 0 ) − (ν ∧ µ0 )) ⊗ ξ .
When ς = ς 0 , we therefore obtain – unlike what happens for a scalar 1-form – [ς, ς] = −2i (µ ∧ ν) ⊗ ξ. In
particular, [ΛG , ΛG ] = −2i (ω ∧ ρ) ⊗ ξ. When we compare the expressions which give dΛG et [ΛG , ΛG ]
we obtain the universal equations of Maurer-Cartan which code the geometry of every Lie group G:
1
dΛG = − [ΛG , ΛG ] .
2
After expressing the geometry of G through the Maurer-Cartan equations, let’s return to the curves
γ in the plane R2 . If we follow the moving frame F = Fa constituted by the unitary tangent and normal
vectors at a when the point a = (x, y) runs through γ, we get a curve Γ in G that lifts γ and that is called
his Frénet lift. As G is a principal fibre bundle on R2 of fibre SO2 (R) ' S1 , we can reinterpret in this
new context the Legendrian lifts we studied before. If γ is parametrised by t, Γ is also parametrised by
t. The element of arclength on γ (and not on Γ) is given by ds = σ(t)dt with σ(t) = ka0 (t)k . Moreover,
0
(t)
the Frénet frame Fa is given by the unitary tangent vector e1 (t) = aσ(t)
= (cos(θ), sin(θ)) and by the
⊥
unitary normal vector e2 (t) = e1 (t) = (− sin(θ), cos(θ)). The differentials of e1 et e2 are consequently
the vector 1-forms on R2 with values on R2 :

de1 = (− sin(θ)dθ, cos(θ)dθ) = dθ ⊗ e2 = ρ ⊗ e2
de2 = − (cos(θ)dθ, sin(θ)dθ) = −dθ ⊗ e1 = −ρ ⊗ e1 .
Moreover, as ω = e−iθ da by definition, we have da = eiθ ω = ωu ⊗ e1 + ωv ⊗ e2 where ωu and ωv are the
components in the moving frame. But as da = eiθ ds, we have also ω = ds, i.e. ωu = ds and ωv = 0.
Hence the following reinterpretation of dg in the moving frame F of M :

 dp = ωu ⊗ e1 + ωv ⊗ e2
de1 = ρ ⊗ e2

de2 = −ρ ⊗ e1 .
38

This differential system is associated to G and is therefore independent from any particular curve γ.
But we also know that, on a particular curve γ, we have, by definition of ds and of the curvature κ8 ,
the following expression for the infinitesimal variation dF of the moving frame F :

 da = ds ⊗ e1 = σ(t)dt ⊗ e1
de1 = dsκ(t) ⊗ e2 = κ(t)σ(t)dt ⊗ e2

de2 = −dsκ(t) ⊗ e1 = −κ(t)σ(t)dt ⊗ e1 .
If we compare the two expressions we see that, on the curves γ(t), the following Pfaff system is verified:

=0
 ωu − σ(t)dt
ωv
=0
Π=

ρ − κ(t)σ(t)dt = 0 .
In the same way as the Legendrian lifts in the jet space were the integral curves of the contact structure,
the Frénet lifts in G are the integral curves of Π. We remark that for these lifts we have dω = iω ∧ ρ = 0
because dωu = −ωv ∧ ρ = 0 and dωv = ωu ∧ ρ = σ(t)dt ∧ σ(t)κ(t)dt = σ 2 (t)κ(t)dt ∧ dt = 0.
The Pfaff system Π is defined on G but depends upon t together with the functions σ(t) and κ(t). Then
we can apply exactly the same strategy we applied for the contact fibre bundle and the 1-jets fibre bundle,
9
namely to introduce supplementary coordinates (σ, κ, t) ∈ R+
and consider Π as actually
σ × Rκ × Rt = Y
10
defined on the direct product X = G × Y . As (ωu , ωv , ρ) are the components of ΛG = ω ⊗ ξ + ρ ⊗ τ ,
it simply consists in the vanishing of the 1-form :
µ = ΛG − P dt
where P = (σ, 0, κσ). As ΛG is now seen as a 1-form on X with values in G, the coherence of the types
imposes the same type for µ = ΛG − P dt. Thus it is natural to consider that P is a vector of G, namely
the vector:


0 0
P =
= σ ⊗ ξ + κσ ⊗ τ .
σ κσ
Then, if we note A the subspace of G constituted by the P of this form, we can redefine Y as A × Rt and
consider that Π becomes actually defined on X = G × Y = G × A × Rt .
In this context Bryant and Griffith reformulated the variational problems on Lie groups and in [101]
we used their work to reformulate the VJ model.

5

Developments in neurogeometry after 2000

Starting from the late 1990s and the early 2000s, neurogeometry knew a number of developments in an
international context where interactions between mathematics and neurophysiology became increasingly
numerous and fertile, somehow as the ones between statistical physics and neuronal nets during the 80s.
When I assumed the direction of the CREA and of the Master in Cognitive Sciences, I could easily start
at the Ecole Polytechnique a class in Cognitive Neurosciences and a seminar on “Brain and Cognition”
organised with my colleague of the ENS Patrick Charnay. The lectures were later published in 2008 under
the title Neurogéométrie de la Vision [105]. In this context some collaborations had been particularly
strong and fruitful. Quickly, they led to a new synthesis [102] published in 2003 in the Journal of
Physiology-Paris.
8 Remember

that κ = dθ/ds and therefore that ρ = dθ = κds = κσdt.
index represents the coordinate of the considered exemplar of R.
10 We trivially extend a 1-form on G to a 1-form on X and we keep the same symbol.
9 The
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5.1

Collaborations with Alessandro Sarti and Giovanna Citti

At the end of 1997 Alessandro Sarti, a young specialist from Bologna in models of vision and image
processing, contacted me. We discussed on different aspects of neurogeometry and, in 2001, when he
returned from Berkeley where he had worked from 1997 to 2000 with Sethian on Kanizsa illusory contours,
we started a rich cooperation which involved also his colleague at the University of Bologna, Giovanna
Citti, an outstanding specialist in functional analysis, diffusion PDE, and harmonic analysis.
5.1.1

The synchronisation of oscillators and the Mumford-Shah model

One of the first works by Sarti and Citti in this field has been linking the models of synchronisation of
fields of oscillators with the Mumford-Shah model of segmentation which we analysed in section 3.3. The
Mumford-Shah variational model is fundamental in image processing and in computational vision, but
it lacks of an explicit neurophysiological meaning. However, specialists as Bard Ermentrout and Nancy
Kopell showed as continuous nets of coupled oscillators, whose frequencies code the intensity of the input,
works the same way as algorithms of segmentation. This is the reason of the interest in a comparison
with the Mumford-Shah model.
The main idea is the following (see Sarti et al. [115]). We consider a 2D field of oscillators where the
phase θ(x, t) is a function of the spatial position x. Let ξ be a variable of distance between neighbouring
oscillators on a lattice of mesh ε. We introduce a PDE of the form:
X 1
∂θ(x, t)
= ω(x) +
2 {K(x − ξ) [ϕ (θ(x, t) − θ(x − ξ, t))] −
∂t
|ξ|
K(x) [ϕ (θ(x + ξ, t) − θ(x, t))]}
where the function ϕ is analogous to a sine function, K(x) is a local coupling function, and the sum Σ is
taken over the neighbours x + ξ of x. Then, if we encode in the coupling function K(x) the anisotropic
geometry of the functional architecture and if we let the mesh of the lattice tend to 0, we get a model which
Γ-converges (Γ-convergence being a convergence adapted to variational models) to the Mumford-Shah
variational model for the sub-Riemannian contact metric defined by K(x) (see [115]).
5.1.2

The SE (2) model

The jet-space VJ model implies choosing a priviledged x-axis. We saw in section 4.11 that the group
SE (2) naturally operates on the model, but the asymmetry between x and y in the base space R2 was
reflected in the “polarisation” of the Heisemberg group. As in every case in which a group G operates
on a fibre bundle, here G = SE (2) on πJ : VJ = R2 × R → R2 , it is relevant to consider the principal
associated fibre bundle, here
πS : G = SE(2) = R2 o SO(2) ' VS = R2 × S1 → R2 .
We worked with G in section 4.11 with Bryant and Griffith when using the form of Maurer-Cartan. But
we can do this more directly with Citti, Sarti and Manfredini [115], [37]. In this case, the contact form
is ωS = − sin (θ) dx + cos (θ) dy, that is cos (θ) (dy − pdx) = cos (θ) ωJ . The contact planes are spanned
∂
∂
∂
∂
by the tangent vectors X1 = cos (θ) ∂x
+ sin (θ) ∂y
and X2 = ∂θ
with Lie bracket [X1 , X2 ] = sin (θ) ∂x
−
∂
cos (θ) ∂y = −X3 . Contrary to the polarised Heisenberg case, the Xj constitute an Euclidean orthonormal
basis and are therefore more natural. The distribution K of contact planes is still bracket generating
(Hörmander condition) and maximally non integrable since dωS = cos (θ) dx ∧ dθ + sin (θ) dy ∧ dθ, and
ωS ∧dωS = −dx∧dy∧dθ cannot vanish because it is a volume form. The Frobenius condition ωS ∧dωS = 0
is not satisfied, and there exists no integral surface of K in VS (but there exist a lot of integral curves
of K: all the Legendrian lifts Γ in VS of curves γ in the base plane R2 ). As for the characteristic vector
field (or Reeb field) X3 , it is orthogonal to Kv for the Euclidean metric and defines a scale through
ωS (X3 ) = (− sin (θ) dx + cos (θ) dy) (X3 ) = sin2 (θ) + cos2 (θ) = 1 .
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When we work with VS , the natural sub-Riemannian metric is the one making {X1 , X2 } an orthonormal
basis of the contact plane Kv .
The two contact structures on VJ = R2 ×R and VS = R2 ×S1 seem to be alike but are nevertheless very
different. Indeed, let us look at their respective Lie algebras. For VJ we have the algebra VJ generated
∂
∂
∂
∂
+ p ∂y
, t2 = ∂p
, t3 = ∂y
) with [t1 , t2 ] = −t3 and [t1 , t3 ] = [t2 , t3 ] = 0 (we
by {t1 , t2 , t3 } (t1 = ∂x
denote these vectors by ti and no longer by Xi to avoid any confusion). As we have seen, VJ is a
nilpotent algebra because the coefficients {1, p, 1} are polynomials whose derivatives vanish after a certain
rank (here 2). On the contrary, for VS we have the algebra VS generated by {X1 , X2 , X3 } (with X3 =
∂
∂
+ cos (θ) ∂y
) satisfying [X1 , X2 ] = −X3 , [X1 , X3 ] = 0 and [X2 , X3 ] = −X1 , which is therefore
− sin (θ) ∂x
not nilpotent. Nevertheless we can notice that for small θ, we have at first order p ∼ θ, sin (θ) ∼ θ and
cos (θ) ∼ 1, and so ωS = − sin (θ) dx + cos (θ) dy can be approximated by ω = −θdx + dy which is nothing
else than the 1-form ωJ = dy − pdx. VJ is in some sense “tangent” to VS . In fact it is called the “tangent
cone” of VS or its “nilpotentisation” (see e.g. Mitchell [86], Rothschild, Stein [109], Margulis, Mostow
[81] and Bellaı̈che [12]).
So VJ and VS becomes two sub-Riemannian models, and we will see in section 5.5 how it is possible
to construct a continuous family interpolating between them. VJ is defined on a nilpotent group (Carnot
group) and VS on a non nilpotent group. Methods for neurogeometry, that is for the modelling of neural
functional architectures of vision, become therefore part of sub-Riemannian geometry with their geodesics,
Laplacians, heat kernels, harmonic analysis, etc.
Many great geometers have studied these very rich structures since the 1980s-1990s. We already cited
Hörmander [66], [65], Stein [124] and Rothschild-Stein [109]. We shall also cite Folland-Stein [52], NagelStein-Wainger [92] for the structure of sub-Riemannian spheres, and papers [58] and [59] of Daryl Geller
for the wavelet analysis on the Heisenberg group11 .
We were personally highly interested in works by Misha Gromov, Andrei Agrachev, Richard Beals,
Bernard Gaveau, Peter Greiner, Luca Capogna, Vladimir Gershkovich, John Mitchell, Richard Montgomery, Robert Strichartz, Anatoly Vershik, Jean-Pierre Pansu, Jean-Michel Bismut, André Bellaı̈che,
and Jean-Jacques Risler. Reference works have been for us Montgomery’s Tour of Sub-Riemannian Geometries [88], Gromov’s Carnot-Carathéodory spaces seen from within [62], Agrachev-Sachkov’s Control
Theory from the Geometric Viewpoint [3], Vershik-Gershkovich’s Non Holonomic Dynamical Systems, Geometry of Distributions and Variational Problems [137], Capogna et al. An Introduction to the Heisenberg
Group and to the sub-Riemannian Isoperimetric Problem [31], or Strichartz’s Sub-Riemannian Geometry
[125].
5.1.3

Sub-Riemannian diffusion and perceptual completion

A specialist of analysis in Lie groups endowed with sub-Riemannian metrics, Giovanna Citti tackled many
difficult problems, and in particular, with Luca Capogna, the mean curvature flow. We evoked in section
3.2 the non linear diffusion equation
 


∂I
∂I


2
∂xi
∂xj
∇I
H(∇I, ∇I) X 
∂I
 ∂ I
= |∇I| div
= ∆I −
=
δij −
2
2
∂σ
|∇I|
∂xi ∂xj
|∇I|
|∇I|
i,j
(where H is the Hessian of I) which makes the level curves Cσ of I(x, y; σ) evolve with a normal velocity
equal to their curvature. When generalising this situation to Carnot groups as VJ , one meets several
difficulties. First, one works on surfaces Sσ evolving in a 3 dimensional space, and we have seen in section
3.2 that for dimension ≥ 3 the mean curvature flow can present singularities. Secondly, if one wants
to adapt diffusion techniques to sub-Riemannian geometry, one must substitute normals n to Sσ with
their projections nK onto the contact planes Kv . We have also seen section 4.9.3 that, because the nonintegrability of the contact structure, no piece of Sσ , as small as it may be, can be everywhere tangent to
the contact distribution K. But, of course, there will exist in general points v ∈ Sσ where the tangency
11 We

thank the anonymous referee for very interesting bibliographical informations.
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Tv Sσ = Kv occurs. At these points, called characteristic points, the projection nK is no longer defined,
and the diffusion becomes singular. Except at these characteristic points, the diffusion equation becomes
!
X
(Xi I) (Xj I)
∂I
Xi Xj I
=
δij − P
2
∂σ
i (Xi I)
i,j
In [32], Luca Capogna and Giovanna Citti, study this equation.
These theoretical works can be applied to image completion, image segmentation and subjective
surfaces as A. Sarti did in Berkeley with Sethian (see e.g. [117]). Given an image of intensity function
I (x, y) which is supposed to be regular on a domain W of R2 (if this is not the case we can smooth it
infinitesimally), we can consider the Legendrian lifts of its level curves in VS . We get a surface Σ in VS .
Let’s suppose that the image is corrupted and contains a gap Λ. To restore the image and to fill-in Λ, the
idea is to process a propagation along the association field, i.e. a highly anisotropic diffusion driven by
the sub-Riemannian geometry of VS . The idea is simple in practice but very difficult on the mathematical
plane. Indeed, even in the simplest case of the heat equation, diffusion lets evolve the functions f (x)
∂
= ∆, where ∆ = X12 + X22 is the sub-Riemannian Laplacian, and it is
on VS through the equation ∂t
processed by transport along the geodesics. As the heat equation is a linear parabolic PDE, it is sufficient
to compute what is called the heat kernel, i.e. the way in which a Dirac delta function is diffused. Then
we write I (x, y) as an infinite superposition of weighted deltas, and we apply linearity. This is equivalent
to performing the convolution of I with the heat kernel.
For links of sub-Riemannian diffusion with the mean curvature flow of section 3.2, one can consult
Chen-Giga-Goto [33] and their proof of the convergence of the Bence-Merriman-Osher algoritm.
But, as we will see later in section 5.2 and 5.4.1, sub-Riemannian geodesics are far more complex
than Riemannian geodesics, making computation of the heat kernel really difficult. G. Citti dedicated
many works to this technical question most studied since the classical works of Lars Hörmander. A good
introduction to this topic is the book [20] of Bonfiglioli, Lanconelli, Uguzzoni, Stratified Lie Groups
and Potential Theory for their sub-Laplacians. For general hypoelliptic sub-Laplacians the reader could
consult Jerison, Sánchez-Calle [72] and Sánchez-Calle [112] which present approximation techniques for
finding the fundamental solution using series expansions. For more precise results on the Heisenberg
group and nilpotent groups, the reader could consult, e.g., Folland, Stein [52], Rothschild, Stein [109],
and Citti, Uguzzoni [36]. For methods using harmonic analysis, he/she could consult, e.g., Hulanicki [71]
and Cygan [41].
But for the applications we are intrested in, general results are not sufficient, and we need also
operational computational techniques.We will return to this point in section 5.2.
5.1.4

Curvature, 2-jets and Engel structure

Specialists of vision such as Steve Zucker put forward some experimental data to support the hypothesis
that not only detectors of orientation but also detectors of curvature exist in V 1. If we admit this
hypothesis, the problem is to know if we have to process these new detectors as the orientation ones by
introducing the 2-jets of curves in R2 , and so, in addition to x, y, p or x, y, θ, to add a fourth independent
variable κ and a supplementary 1-form which forces its interpretation as a curvature. This is what Sarti,
Citti, and I did together.
In the {x, y, p} case, we work in VJ n
= R2 × R with the contact
o 1-form ωJ = dy − pdx and the
nonholonomic basis of the contact planes

X1 =

∂
∂x

∂
+ p ∂y
, X2 =

∂
∂p

, the third base tangent vector X3

∂
− ∂y
.

being given by the Lie bracket [X1 , X2 ] = −X3 =
We introduce a fourth variable κ, we work on
2
fJ = R × R × R, and we write that the natural interpretation of κ is associated to the second
the space V
fJ of the {x, y, p, κ} is the space of 2-jets
derivative f 00 (x) for curves of equation y = f (x). The space V
2
12
J (R, R) and its canonic structure, called Engel structure , is the Pfaff system constituted by the two
1-forms ωJ and τJ = dp − κdx.
12 Friedrich

Engel was one of the principal disciples and collaborators of Sophus Lie.
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fJ is generated by the 3 tangent vectors X κ = ∂ +p ∂ +κ ∂ = X1 +κX2 , X3 = ∂ ,
The kernel of τJ in V
1
∂x
∂y
∂p
∂y
∂
fJ is generated by X κ , X2 and X4 . The distribution of
X4 = ∂κ
whereas the kernel of ωJ extended to V
1
∂
planes is now Span {X1κ , X4 }, and it generates the whole Lie algebra because [X1κ , X4 ] = −X2 = − ∂p
∂
and [[X1κ , X4 ] , X1κ ] = −X3 = − ∂y
.
In the SE (2) case, we work in VS = R2 × S1 nwith the contact 1-form ωS = − sin(θ)dx
+ cos (θ) dy
o
∂
∂
and the nonholonomic bases of the contact planes X1 = cos (θ) ∂x
+ sin(θ) ∂y
, X2 =
∂
sin(θ) ∂x

∂
∂θ

, the third base

∂
∂y .

tangent vector X3 being given by the Lie bracket [X1 , X2 ] = −X3 =
− cos (θ)
We introduce
2
1
fS = R × S × R. The Pfaff system which defines the Engel
the curvature K and work in the space V
structure is now composed of the two 1-forms ωS and τS = dθ − Kds = dθ − K (cos (θ) dx + sin(θ)dy),
where s is the parametrisation of the curves of the (x, y) plane by their arch length. Indeed, we know that
the curvature, which is given in Cartesian coordinates for a curve of equation y = f (x) by the formula
f 00 (x)
dθ
K=
3/2 , is also given by K = ds . The kernel of the 1-form τS is now generated by the 3 tangent
(1+f 0 (x)2 )
vectors
 K
∂
∂
∂
 X1 = cos (θ) ∂x + sin(θ) ∂y + K ∂θ = X1 + KX2
∂
∂
+ cos (θ) ∂y
X = − sin(θ) ∂x
 3K
∂
X4 = ∂K
K
f
while the kernel
. The distribution of planes
 Kof ωKS extended to VS is generated by X1 , X2 and X
4 K
∂
is now Span X1 , X4 . It generates the whole Lie Algebra because X1 , X4K = −X2 = − ∂θ
and
 K K 

∂
∂
K
X1 , X4 , X1 = X3 = − sin(θ) ∂x + cos (θ) ∂y .

5.1.5

Scale and symplectic structure

We saw in section 4.9.4 how the distribution K of the contact planes Kv is under-determined with respect
to the 1-form ωJ because all the 1-forms αωJ (α 6= 0 ∈ R) have the same kernel. Whence the idea of
explicitly taking into account the scale factor α in the model. We developed it with Sarti and Citti in
[116].
We work now in the 4-dimensional space W = R2 × S1 × R where the coordinates are (x, y, θ, σ). We
extend the group G = SE (2) in order to take into account the multiplicative law of scales, and we use
the left-invariant basis:



∂
∂

X1 = eσ cos(θ) ∂x
+ sin(θ) ∂y




∂
X2 = ∂θ


∂
∂
σ

X
=
e
−
sin(θ)
+
cos(θ)

3
∂x
∂y



∂
.
X4 = ∂σ
For each scale σ, we have now the contact 1-form ω = e−σ (− sin(θ)dx + cos(θ)dy) defined on the subspace Vσ = R2 (x, y) × S1 (θ) × {σ} of W. The main point is that the 2-form dω obtained by differentiating
ω with respect to all its variables, including the scale, induces a symplectic structure on W. We have:

dω = e−σ cos(θ)dx + e−σ sin(θ)dy ∧ dθ

+ −e−σ sin(θ)dx + e−σ cos(θ)dy ∧ dσ
= ω1 ∧ ω2 + ω3 ∧ ω4
where ωi is the dual 1-form of Xi . This way, the 2-form dω can be identified with the left-invariant 2-form
deduced by left-translations from the standard symplectic 2-form on T0 W:
dx ∧ dθ + dy ∧ dσ .
We remark that as the orientation is the conjugated variable of x, the scale is the conjugated variable
of y.
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Figure 11: Level curves of θ̄(x, y) (blue) and σ̄(x, y) (red). The first ones are orthogonal to C = ∂E and
the second ones parallel to C = ∂E. (From Sarti et al. [116]).
5.1.6

Eikonal equation and skeletonisation of forms

The great interest of the “symplectisation” of the contact structure through the scale consists in the fact
that on any symplectic manifold it is possible to define Hamiltonian mechanics analogous to “geometrical
optics”. In our case this allows a definition of a neural implementation of the “grassfire” models we
evoked in section 3.2.
In [116], given a simple image constituted by regions E delimited by edges C = ∂E, Sarti and Citti
associate to every point (x, y) of the extension W ⊂ R2 of the image the maximal values θ̄ and σ̄ of θ and
σ of the corresponding hypercolumn (winner-take-all strategy) and interpret them (i) as the direction of
the edge C at the point which is the closest to (x, y) and (ii) as the distance (up to a factor) of (x, y)
to this
 point. By lifting all the points (x, y) of W , they generate a surface Σ in the fibre bundle W,
Σ = (x, y, θ̄(x, y), σ̄(x, y)) . Under natural hypotheses, it is possible to deduce “good” properties of
θ̄(x, y) and σ̄(x, y) and “good” properties of Σ with respect to the symplectic structure. Indeed, Σ is
a Lagrangian surface of W (see section 2.4). Then, if θ̄(x, y) is the orientation of the closest edge to
(x, y) and σ̄(x, y) the distance of (x, y) from this edge, the projections of the level curves of θ̄(x, y) are
orthogonal to C = ∂E and the ones of σ̄(x, y) are parallel to C = ∂E (see figure 11). They propagate
the edge C through wave-fronts parallel to C (Huyghens model) and they are solutions of the eikonal
equation of geometrical optics we met in sections 2.4, 3.2 and 4.5.2.
The singularities of this “optical” propagation define what is called the “generalised axis of symmetry”
or “medial axis” S, or also “skeleton”, of the form E. For a circle it is a point (the centre). For a contour
it is generically a graph of dimension 1 constituted by pieces of lines Si connected by end points and
triple points. The fundamental perceptual role of this virtual structure associated to the contour C has
been underlined, after pioneering works by Harry Blum [19], by many great geometers and specialists
in vision as René Thom, David Marr, David Mumford, Steve Zucker or James Damon because S allows
canonical decomposition of C in a set of cylinders Ci whose axes are the Si . Consequently, it is important
to notice how, as the illusory contours, the medial axes are constitutive of perceptual geometry and have
a neurophysiological reality even if they are not present in the sensorial inputs. This is a consequence of
the functional architecture of the primary visual areas, and we can give a neurogeometrical explanation
about it.
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5.1.7

Coherent states and harmonic analysis

G. Citti and A. Sarti also examined in depth the idea that the link between neurogeometry and signal
analysis (e.g. wavelets) is given through the notion of a coherent state.
1. We want to analyse signals considered as vectors of a Hilbert space H (here L2 (V)).
2. A locally compact group G is available (here the group SE(2)) which acts irreducibly and unitarily
on H through a representation π.
3. A receptive profile ϕ0 ∈ H is also available, which is well localised both in the position space and
in the Fourier space.
4. We take the orbit {ϕg }g∈G of ϕ0 under the action of G and we suppose that ϕ0 is “admissible”
R
2
in the sense in which G |hϕg , f i| dµ (g) < ∞ for any f ∈ H, with h., .i the scalar product on H and
dµ (g) the Haar measure on G. We then say that the representation π is square-integrable and we get a
coherent state.
5. We process the harmonic analysis of the signals f of H using these coherent states. This allows
representation of signals as superpositions of elementary functions and this way, inRour neurogeometrical
context, to measure them neurophysiologically. The general formula is f (x) = G Tf (g) ϕg (x) dµ (g),
where Tf (g) = hf, ϕg i ∈ L2 (G) is the transform of f . We can notice the structure of this formula. We
want to analyse functions f (x) and we have receptive profiles ϕg (x) parametrised by g ∈ G. The function
f (x) is constructed as an integral on G considering that x is fixed, where the coefficients Tf (g) are the
respective weights of the receptive profiles ϕg (x) in the synthesis of f (x). The coherent state {ϕg }g∈G
allows to represent the f ∈ H through transforms Tf (g) = hf, ϕg i ∈ L2 (G), where the hf, ϕg i are the
“measures” of the signal f given by the receptive profiles ϕg .
These works on coherent states are completed by a research on the optimal forms of receptive profiles
ϕg . We saw in section 4.2 that the statistics of natural images imposes strong constraints to these profiles.
Other converging works showed how functional architectures and association fields, which materialise the
Gestalt principle of good continuation, reflect the statistical properties of lines and edges in natural
images. For example in [120], Mariano Sigman et al. confirmed that “the geometry of the pattern of
interactions in primary visual cortex parallels the interactions of oriented segments in natural scenes”
(p.1939). Their experimental method consists of measuring the correlation of the orientations of the
edges between an origin 0 and a second point a on a corpus of N = 4.000 natural images. In his thesis
[114], Gonzalo Sanguinetti showed how the results by Sigman converge in a remarkable way with the
neurogeometrical models of good continuation.
Moreover, taking inspiration from the fact that Gabor functions have been introduced in quantum
mechanics as functions sufficiently well localised both in position and in frequency in order to optimise
Heisenberg uncertainty relations, Citti, Sarti, and their PhD students Davide Barbieri and Sanguinetti
showed that optimal receptive profiles can be deduced from the structure of the group SE (2) (see [10]).
5.1.8

International conferences, seminars and special issues

These works have been associated with international symposia in neurogeometry organised by G. Citti
and A. Sarti. The first was held in Bologna (1-3 July 2004), Mathematical Models in Visual Perception.
Then came the symposium of the Scuola Normale Superiore of Pisa (4-9 September 2006) Neuromathematics of Vision, then, again in Bologna (31 August-4 September 2009) the conference Sub-Riemannian
Geometry and Vision. Many scholars as, e.g., Paul Bressloff, Jack Cowan, Guy David, Alain Destexhe,
Olivier Faugeras, Yves Frégnac, Walter Gerbino, Jan Koenderink, Jean Lorenceau, Lamberto Maffei,
Marc Mézard, Jean-Michel Morel, Scott Pauls, Martin Reimann, James Sethian, Wolf Singer, or Steve
Zucker gave their contribution. We also edited together in 2009 a double special issue (103, 1 − 2) Neuromathematics of Vision of the Journal of Physiology, Paris. Since 2011, a seminar Neuromathématiques
et modèles de perception has been held at the Institut Henri Poincaré of Paris.
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5.2

The geodesics of the VJ model

We have seen in section 4.10 how to interpret illusory contours as sub-Riemannian geodesics of the VJ
model. Let us now give an idea of these geodesics, and emphasise that, as the metric is sub-Riemannian,
they are extremely different from Riemannian ones, even at the infinitesimal level.
As the distribution K of the contact planes Kv is bracket generating and satisfies Hörmander condition,
a celebrated theorem of Chow says that every pair of points (v, v 0 ) of VJ can be connected by an
integral curve of K. If K is endowed with a sub-Riemannian metric, we can compute the length of
such integral curves and look for geodesics, which are integral curves of minimal length. The problem
of computing geodesics is quite difficult to solve. The 1981 work of Brockett [29] Control Theory and
Singular Riemannian Geometry is a classic reference. Excellent other references are the already cited
books of Montgomery [88] and Strichartz [125] and also Ge [57] and Hammenstädt [63]. One of the
main difficulties is that, contrary to the Riemannian case, there can exist “abnormal” geodesics, that is
geodesics which do not satisfy the differential equation canonically associated to the geodesic variational
problem. Fortunately we will not meet this “abnormality” since our models, even if they are non trivial,
remain rather elementary.
Richard Beals, Bernard Gaveau and Peter Greiner who solved with explicit formulas the geodesic
problem for the (non polarised) Heisenberg group emphasised ([11], p. 634): “how complicated a control
problem can become, even in the simplest situation.” It was a new mathematical result since in 1977
Bernard Gaveau still said ([56], p. 114) that the variational problem of minimising “the energy of a curve
in the base manifold under the Lagrange condition that its lifting is given in the fiber bundle” seemed
“not yet (...) studied.”
We adapted Beals, Gaveau and Greiner computations to the polarised Heisenberg group VJ =
J 1 (R, R) with coordinates (x, y, p = tan (θ)), product (x, y, p).(x0 , y 0 , p0 ) = (x + x0 , y + y 0 + px0 , p + p0 )
∂
∂
∂
+ p ∂y
= (1, p, 0) and X2 = ∂p
= (0, 0, 1) with Lie bracket
and contact planes generated by X1 = ∂x
∂
[X1 , X2 ] = −X3 = (0, −1, 0) = − ∂y . Following the approach of Agrachev-Sachkov [3] (see section 5.4),
let us formulate the geodesic problem as a control problem. If Γ = {v (s)} is a smooth parametrised curve
in VJ , to say that it is an integral curve of the contact structure is to say that v̇ (s) = u1 X1 + u2 X2 for
appropriate controls u1 and u2 or, in other words, that ẋ = u1 , ẏ = pu1 , ṗ = u2 , the integrability condition ẋẏ = p being automatically satisfied. To find the geodesics for the chosen sub-Riemannian metric SR
with scalar product h., .iSR and norm k.kSR , one minimises the Lagrangian given by the kinetic energy
2
L = 12 kv̇kSR along such curves. L is defined on the tangent bundle T VJ . Using Legendre transform, it
can be transformed into the Hamiltonian
1
2
h (v, $) = h$, v̇i − kv̇kSR
2
1
2
= $ (u1 X1 + u2 X2 ) − ku1 X1 + u2 X2 kSR
2
defined on the cotangent bundle T ∗ VJ . If $ = ξ ∗ dx + η ∗ dy + π ∗ dp = (ξ ∗ , η ∗ , π ∗ ) is a 1-form on VJ , then

1 2
2
2
h (v, $) = ξ ∗ u1 + η ∗ u1 p + π ∗ u2 −
u1 kX1 kSR + 2u1 u2 hX1 , X2 iSR + u22 kX2 kSR .
2
It is natural to choose a left-invariant metric namely the sub-Riemannian metric SRJ making {X1 , X2 }
an orthonormal basis of the contact plane Kv since {X1 , X2 } is the left-invariant basis translating the standard Euclidean orthonormal basis of K0 . This metric is not the Euclidean metric h., .iE , k.kE since, due to
non holonomy, Euclidean metric is not left-invariant. By the way, even if kX2 kE = 1 and hX1 , X2 iE = 0,
we have kX1 kE = 1 + p2 6= 1 if p 6= 0: it is only on the (x, y) plane p = 0 that the two metrics are the
same. If we choose SRJ , then kX1 kSRJ = kX2 kSRJ = 1, hX1 , X2 iSRJ = 0, and

1 2
u1 + u22
2

1 2
= $ (u1 X1 + u2 X2 ) −
u1 + u22 .
2

h (v, $) = ξ ∗ u1 + η ∗ u1 p + π ∗ u2 −
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One can then apply a fundamental result of control theory called the Pontryagin maximum principle, which generalises the classical method of variational calculus using Euler-Lagrange equations and
Lagrange multipliers (see Agrachev, Gamkrelidze [4]) we employed in our first synthesis [101]. It says
that geodesics are projections on VJ of the trajectories of the Hamiltonian H having maximising controls
∂h
∂h
= $ (X1 )−u1 = 0 and ∂u
= $ (X2 )−u2 = 0 and therefore
uj,max . The maximisation conditions are ∂u
1
2
H (v, $) = u1 $ (X1 ) + u2 $ (X2 ) −


 1 2
 1
1 2
2
2
h$, X1 i + h$, X2 i
u1 + u22 =
u1 + u22 =
2
2
2

and in terms of coordinates:
i
1h ∗
2
(ξ + pη ∗ ) + π ∗2 .
2
The structure of geodesics implies that the sub-Riemannian sphere S (the ends of geodesics from 0 of
sub-Riemannian length = 1, which are global minimisers) and the wave front W (the ends of geodesics
from 0 of sub-Riemannian length = 1, which are not necessarily global minimisers) are rather strange.
In particular, the cut locus of 0 (that is the ends of geodesics when they cease to be globally minimising),
and the conjugate locus or caustic of 0 (that is the singular locus of the exponential map E integrating
geodesics) are rather complex.
The Hamilton equations on T ∗ VJ derived from the Hamiltonian H are

∂H
∗
∗
ẋ(s) = ∂ξ

∗ = ξ + pη


ẏ
dy
∂H

∗
∗

ẏ(s) = ∂η
∗ = p (ξ + pη ) = pẋ(s) (i.e. p = ẋ = dx , integrability condition)



∂H
∗
ṗ(s) = ∂π∗ = π
˙∗ (s) = − ∂H = 0

ξ

∂x



η̇ ∗ (s) = − ∂H

∂y = 0

 ∗
∂H
π̇ (s) = − ∂p = −η ∗ (ξ ∗ + pη ∗ ) = −η ∗ ẋ(s)
H (x, y, p, ξ ∗ , η ∗ , π ∗ ) =

∂H
∗
As H is independent from x and y, the derivatives ξ˙∗ (s) = − ∂H
∂x and η̇ (s) = − ∂y vanish, and the
∗
∗
∗
∗
∗
∗
momenta ξ and η are therefore constant along any geodesic: ξ = ξ0 and η = η0 . This fact simplifies
the equations since ẋ(s) = ξ0∗ + pη0∗ , ẏ(s) = p (ξ0∗ + pη0∗ ), and π̇ ∗ (s) = −η0∗ (ξ0∗ + pη0∗ ). We emphasise the
relations p̈ = π̇ ∗ = −η ∗ ẋ and ẍ = η ∗ ṗ, or (ẍ, p̈) = η ∗ (ṗ, −ẋ), which means that in the (x, p) plane the
acceleration is orthogonal to the velocity and geodesics are circles whose radius increases when η0∗ decreases
(at the limit η0∗ = 0 the circle becomes a straight line). By the way, H (x, y, p, ξ ∗ , η ∗ , π ∗ ) = 12 ẋ2 + ṗ2
since, by construction, the Hamiltonian H is the kinetic energy of the projection of the trajectories on
the (x, p) plane.
Computations show how the (x, p) = z part of the geodesics from 0 to (x1 = x(τ ), y1 = y(τ ), p1 = p(τ ))
is given by the formulas:





 
sin s η ∗
(τ −s) ∗

∗
 x (s) = ( τ2 0∗) cos (τ −s)
x
−
sin
p1
η
η
1
0
0
2
2
sin( 2 η0 )






s ∗
sin η
(τ −s) ∗

∗
 p (s) = ( τ2 0∗) sin (τ −s)
η
x
+
cos
η
p
1
1
0
0
2
2
sin( 2 η0 )

which are effectively the equations of a circle

 ∗ 

 ∗ 
η0 τ
η0 τ
2
2
x + p − x x1 + p1 cot
− p p1 − x1 cot
=0
2
2
passing through 0 and (x1 , p1 ), with center

 ∗ 

 ∗ 
1
η0 τ
η0 τ
1
xc =
x1 + p1 cot
, yc =
p1 − x1 cot
2
2
2
2
and radius
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1 2
η0 τ
1
2

 |z1 |2 .
r =
x1 + p1 1 + cot
=
2 η0∗ τ
4
2
4 sin
2
2

One verifies that the constant value of the Hamiltonian along a trajectory is:
H0 =

η0∗2


η0∗ τ

8 sin2

 |z1 |2 =

η0∗2 2
r .
2

2

For y(s), computations are more involved. We get

1
[−2η0∗ s x21 + p21 − 4x1 p1 cos (η0∗ (s − τ )) +
∗
8 (cos (η0 τ ) − 1)

2 x21 − p21 sin (η0∗ (s − τ )) +

2x1 p1 cos (η0∗ (2s − τ )) − x21 − p21 sin (η0∗ (2s − τ )) +

2x1 p1 cos (η0∗ τ ) + x21 − p21 sin (η0∗ τ ) +

2 x21 + p21 sin (η0∗ s)] .

y (s) =

In terms of ξ0∗ , π0∗ , η0∗ and τ the formula writes:
2
∗
∗
2η0∗ s + sin (2η0∗ s)
∗2 sin (η0 s)
∗ ∗ sin (η0 s)
−
ξ
+
ξ
π
−
0
0 0
∗2
∗2
∗2
4η0
η0
η0
2η ∗ s − sin (2η0∗ s)
1 − cos (η0∗ s)
+ π0∗2 0
.
ξ0∗ π0∗
∗2
η0
4η0∗2

y (s) = ξ0∗2

The key point is that these equations explain the origin of the striking multiplicity of sub-Riemannian
geodesics connecting two points. Let us indeed compute y1 = y (τ ). We find
 ∗ 
  η∗ τ 
η0 τ
0
cos
2
2
2
2
1
x1 + p 1 



 .
y1 = x1 p1 +
−
η0∗ τ
2 η0∗ τ
2
4
sin
sin
2

If we introduce the new variable ϕ =

2

η0∗ τ

, we see that we must solve the equation


1
2
4 y1 − x1 p1 = µ(ϕ) |z1 |
2
2

where µ(ϕ) is the function
µ(ϕ) =

ϕ
− cot(ϕ) .
sin2 (ϕ)

It is the function µ(ϕ) which is the key of the strange behaviour of sub-Riemannian geodesics. It is
an odd function that diverges for ϕ = kπ (k 6= 0) (i.e. η0∗ τ = 2kπ) and presents critical points when
ϕ = tan(ϕ). But when ϕ = tan(ϕ), we have
tan(ϕ)
− cot(ϕ)
sin2 (ϕ)
1 − cos2 (ϕ)
=
= tan(ϕ) = ϕ ,
cos(ϕ) sin(ϕ)

µ(ϕ) =
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Figure 12: The function µ(ϕ) occuring in the construction of sub-Riemannian geodesics of the polarised
Heisenberg group VJ (the scale of the two axes are not the same).
and the minima of µ(ϕ) are on the diagonal. The graph of µ(ϕ) is represented in figure 12.
Let us compute the length of geodesics. Let γ be aRgeodesic starting at 0 and ending at time τ at
τ
2
(x1 , y1 , p1 ) = (z1 , p1 ). If L is its length, we have L = 0 `ds with `2 = (ξ ∗ + pη ∗ ) + π ∗2 the squared
norm of γ̇ in the contact plane endowed with the orthonormal basis {X1 = ∂x + p∂y , X2 = ∂p }. But
`2 = 2H = 2H0 since the Hamiltonian is constant along its trajectories, and we know that
H0 =

η0∗2
1

 |z1 |2 .
8 sin2 η0∗ τ
2

So, with

η0∗ τ
2

= ϕ,
L=

√


2

η0∗ τ
2


sin

√
1
 ∗  |z1 | = 2
η0 τ
2

ϕ
|z1 | .
|sin (ϕ)|

In the sub-Riemannian geometry of VJ , the sphere S and the wave front W (with radius
by the fundamental equation
|z1 | =

√

2) are given

|sin (ϕ)|
.
ϕ

We get therefore

cos (θ)
x1 = |sin(ϕ)|

ϕ


|sin(ϕ)|


p
=
sin
(θ)

ϕ
 1
ϕ−sin(ϕ) cos(ϕ)
1
y1 = 2 x1 p1 +
4ϕ2

2

sin(ϕ)
1 sin (ϕ)

= 2 ϕ2 cos (θ) sin (θ) + ϕ−cos(ϕ)


4ϕ2

2

sin(θ)−cos(ϕ) sin(ϕ)
= ϕ+2 sin (ϕ) cos(θ)4ϕ
2
We present in figure 13 pieces of S and W . The external surface is the sub-Riemannian sphere S. It
has a saddle form with singularities at the intersections with the y-axis. The internal part is W − S. It
presents smaller and smaller circles of cusp singularities which converge to 0. Such a complex behaviour
is impossible in Riemannian geometry.
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Figure 13: A piece of the sub-Riemannian wave front W . The external surface is the sub-Riemannian
sphere S. The internal part is W − S. It presents smaller and smaller circles of cusp singularities which
converge to 0.

5.3

New collaborations with neurosciences and psychophysics

In parallel to these mathematical developments, other enrichments of neurogeometry during the 2000s
came from the continuation of the dialogue with the colleagues of neurosciences and psychophysics we
already cited.
5.3.1

The UNIC lab of Yves Frégnac

The links with the laboratory UNIC of the CNRS (Gif-sur-Yvette) directed by Yves Frégnac (my successor
in 2010 at the Ecole Polytechnique) have been particularly fruitful. We cite some results relevant for
neurogeometry.
(i) The functional architecture of V 1 leads to redefinition of the classic concept of receptive field as
a domain of the retinal field where localised stimuli elicit spiky responses. This minimal discharge field
(MDF) is narrow and does not takes into account the fact that horizontal lateral connections induce
strong contextual effects which are important for contour integration, surface perception, segmentation,
figure-ground distinction, etc. Figure 14 by Yves Frégnac et al. [55] schematises the way in which the
MDF widens, thanks to the propagation of cortical waves along the horizontal connections, into a synaptic
integration field (SIF).
(ii) Experimental advances allowed consideration of the response of visual neurons not only to simple
stimuli, as bars or gratings, but also to natural images whose structure is much more complex. We
already mentioned that in section 4.2. The results of the UNIC team are really interesting, for example
the replicability of the fine structure of the trains of spikes emitted by an axon is far more strong.
5.3.2

Entoptic vision and the Ermentrout-Cowan-Bressloff-Golubitsky model

Furthermore, Yves Frégnac indicated to me some remarkable works of Bard Ermentrout, Jack Cowan,
Paul Bressloff and Martin Golubitsky on visual hallucinations, in particular in their 2001 article [27].
Visual hallucinations belong to entoptic vision, in particular the purely geometric ones which show morphological patterns such as tunnels and funnels, spirals, lattices (honeycombs, triangles), or cobwebs.
They are very interesting because they are completely virtual (without any input). They were studied
during the 1920s by Gestalt theoreticians such as Klüver (see [75]). They are morphologies of phosphenes
perceived after strong pressions on the eyeballs (mechanichal stimulation), electro-magnetic stimulations
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Figure 14: In the left figure, ∆xv represents the eccentricity of the distal retinal stimulus (the white
segment to the left) with respect to the stimulus localised in the MDF (the white segment to the right,
in the grey rectangle). ∆xc represents the cortical distance between the neurons of V 1 activated by the
two stimuli. ∆xt is the time of latency induced by the propagation along the horizontal connection. In
the right figure, above we see the MDF (“minimal discharge field” defined by the spiky responses) in the
(x, y) plane and its temporal evolution in the space (x, t). We see below the SIF (“synaptic integration
field”) defined by the subliminal activity. The SIF is distinctly more extended than the MDF. (From
Frégnac et al. [55]).
(transcranial magnetic stimulation, electrical stimulation via implanted micro-electrodes), exposures to a
violent flickering light, headaches, absorptions of substances such as mescaline, LSD, psilocybin, ketamin,
some alkaloids (peyote) (neuropharmaco stimulation), or near death experiences (see Fregnac [54]). They
depend upon an increased abnormal excitability of the photoreceptors and of V 1. In the case of ingestion
of a substance, a qualitative explanation is that the substance shifts the balance of activity of the brain
away from its ground state, by a vector representing the profile of binding affinities at different receptors.
The bifurcation of the brain state explains the hallucination.
The key result of Bressloff et al. [27] is that these hallucinations can be deduced from the encoding
of the functional architecture of V 1 into the Hopfield equations of a neural net (see section 3.5). They
work with the fibre bundle πS : VS = R2 × S1 → R2 with coordinates v = (a, θ) labelling the “simple”
neurons. Let E(a, θ, t) be the activity of V 1. They look for the PDE governing the evolution of E using
a standard Hopfield equation:
Z Z
∂E(a, θ, t)
µ π
= −αE(a, θ, t) +
w ha, θ|a0 , θ0 i σ (E(a0 , θ0 , t)) da0 dθ0 + h(a, θ, t)
∂t
π 0 R2
where σ is a non linear gain function (with σ(0) = 0), h an external input, and w ha, θ|a0 , θ0 i the weight of
the connection between the neuron v = (a, θ) and the neuron v 0 = (a0 , θ0 ), α a parameter of decay (α can
be taken = 1) and µ a parameter of excitability of V 1. The increasing of µ models an increasing of the
excitability of V 1 due to the action of substances on the nuclei which produce specific neurotransmitters
(such as serotonin or noradrenalin).
Then the authors specify this general model by encoding the characteristic geometry of coaxial alignments into the synaptic weights, an hypothesis which we interpreted as a fundamental link between neural
nets theory and sub-Riemannian neurogeometry. They impose (i) that the local “vertical” connections
inside a single hypercolumn must be of the form w ha, θ|a0 , θ0 i = wloc (θ − θ0 ) δ (a − a0 ) where δ (a − a0 ) is
a Dirac distribution prescribing a = a0 and wloc (θ − θ0 ) is a given even function (in general a Gaussian
51

centered at 0), while (ii) the lateral “horizontal” connections between different hypercolumns must be
of the form w ha, θ|a0 , θ0 i = wlat (s) δ (a − a0 − seθ ) δ (θ − θ0 ) where the factor δ (θ − θ0 ) prescribes parallelism θ = θ0 , the factor δ (a − a0 − seθ ) (where eθ is the unit vector along the direction θ) prescribes
alignment, and wlat (s) is a given function depending only upon the distance. It is straightforward to
verify that the synaptic weights w are E(2)-invariant under the group E(2) = R2 o O(2) and that the
PDE is itself E(2)-equivariant if h = 0.
If there exists no external input (h = 0) and if µ = 0, that is if the subject is in the dark and
sees nothing, then his V 1 activity is in its “ground state” (which can be very complex: endogeneous
activity, spontaneous noise, etc.). In the model, the “ground state” is the homogeneous state E ≡ 0.
It is stable and the activity E measures the shift of the V 1 state away from the “ground state” when
h = 0 but µ 6= 0. Now, the analysis of the PDE shows that, as the parameter µ increases, this initial
state E ≡ 0 can become unstable and bifurcate, for critical values µc of µ, towards new stable states
presenting spatial patterns generated by an E(2) symmetry breaking. The bifurcations can be analysed
using classical methods: (i) linearisation of the PDE near the solution E ≡ 0 and the critical value µc ;
spectral analysis of the linearised equation; computation of its eigenvectors (eigenmodes); hypothesis of
periodicity with respect to a lattice Λ of R2 . The last step is to reconstruct from eigenmodes in V 1 virtual
retinal images using the inverse of the retinotopic map between the retina and V 1. The mathematical
model fits extremely well with the empirical data.
This model by Bressloff’s et al. [27] was later improved, for example in [28]. It is fundamental for (at
least) three reasons.
1. First, it is in resonance with the two main streams in modelling we previously evoked: (i) brain
dynamics, their attractors and bifurcations (section 2.6), (ii) neural nets (section 3.5).
2. As much as neural nets are concerned, it is one of the first examples in which the synaptic weights
are not considered in a statistical way but as something which encodes a functional architecture.
The consequences are spectacular.
3. It offers a perfect example of the enormous gap separating, on one side, a phenomenological livedexperience of perceptual geometry (to experience the hallucinations) and, on the other side, a neural
explanation. We can use it to test the contemporary philosophical discussion between phenomenology and neurosciences on “neural correlates of consciousness”, developed by colleagues as David
Chalmers, Alva Noë, Evan Thompson or Shaun Gallagher. It shows how, in contrast to the beliefs
of many philosophers, what Noë and Thompson call the “structural coherence of perceptual experience” can be build up out of receptive fields if we take into account neural functional architectures
(see [105]).
(iv) Another important cooperation has been the organisation, with Jean Lorenceau in 2003 in the
Journal of Physiology-Paris, whose Editor-in-Chief is Yves Frégnac, of a double special issue Neurogeometry and Visual Perception. The interested reader will find, in addition to the articles of the three editors,
texts by Hess-Hayes-Field, Lee, Angelucci-Bullier, Kimia,.Zucker et al., Ermentrout et al., BressloffCowan, McLaughlin-Shapley-Shelley, Wolf-Geisel, Morel et al., Leaci et al., Tallon Baudry, Van Rullen,
Sarti-Citti-Manfredini.
Many other conferences (Valparaiso, Rome, Bolzano, etc.) played an important role in these developments from 2000, as well as many working groups. First the seminar “Géométrie et Cognition”, organised
at the ENS of Paris by Giuseppe Longo and Bernard Teissier. Then, from 2004, the research program
NIM of the CNRS (“Nouvelles Interfaces des Mathématiques”) on the “Neurogéométrie de V 1” which
grouped colleagues from the LPPA of Alain Berthoz at the Collège de France (Jacques Droulez, specialist
in models of vision, Chantal Milleret, specialist of the corpus callosum, Daniel Bennequin, specialist of
contact structures and singularities), and of the UNIC of Yves Frégnac. In 2006, the annual day of the
SMF (Société Mathématique de France) has been dedicated to the topic Géométrie et Vision with talks
by Jean-Michel Morel, Stéphane Mallat and myself.
An important development on the “vertical” part of the models VJ and VS has been introduced in
2006 by Olivier Faugeras and Pascal Chossat [34]. Their main idea is that hypercolumns of V 1 encode
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(of course at a given scale defined by the size of the receptive fields) not only local features such as
orientation or curvature but the whole symmetric definite positive “structure tensor” T of the (smooth)
stimulus I(x, y). T is given by



∂I ∂I
∂I 2
T =

∂x
∂I ∂I
∂y ∂x

∂x ∂y
2  .
∂I
∂y

As they claim: “a hypercolumn in V 1 can represent the structure tensor in the receptive field of its neurons
as the average membrane potential values of some of its neuronal population”. Now, the space H of 2 × 2
symmetric definite positive matrices T is the 3D hyperbolic quotient space GL (2, R) /O (2) foliated in
2D leaves by det (T ) (det = determinant). For det (T ) = 1, the leaf is the quotient SL (2, R) /SO (2)
which is isomorphic to the hyperbolic Poincaré disk D. An interesting problem is then to add the spatial
variables a and look at the bifurcations of activity functions E(a, z, t) defined on the fibre bundle R2 × D
with base space R2 (group E(2)) and fibre D (group SU (1, 1)).
In 2011, Olivier Faugeras, Paul Bressloff, Nicolas Brunel, Wulfram Gersmer and Viktor Jirsa organised
the first special trimester of the CIRM (Centre International de Rencontres Mathématiques de MarseilleLuminy) dedicated to Theoretical, Mathematical and Computational Neuroscience. The program included
a course of neurogeometry as well as four conferences, among which one has been organised by Paul
Bressloff and Stephen Coombes and a second by Viktor Jirsa and Gustavo Deco.

5.4

Neurogeometry and control theory (Agrachev’s group)

We saw in section 5.2 how to compute the sub-Riemannian geodesics of the VJ model. What about the
VS model?
5.4.1

The geodesics of the VS model

In 2006 a colleague of mine at CREA, Helena Frankowska, specialist in control theory and in the HamiltonJacobi-Bellman equation, put me in contact with Andrei Agrachev of the SISSA (International School
for Advances Studies) in Trieste. With A. Sarti and G. Citti, we organised a meeting with him at the
IHP. He was interested in our discussions on the use of sub-Riemannian geometry in problems related to
vision, and some fruitful cooperation quickly started with him, and with some members of his group, in
particular Jean-Paul Gauthier, Ugo Boscain and Yuri Sachkov.
Andrei Agrachev rapidly found the formulas of the geodesics for VS = SE (2) endowed with the
sub-Riemannian metric making {X1 , X2 } an orthonormal
n basis of Kv . The formulation of the
o problem in
terms of control theory yields the differential system ẋ = u1 cos (θ) , ẏ = u1 sin (θ) , θ̇ = u2 . Applying
Pontryagin maximum principle, one gets the Hamiltonian on T ∗ VS

 1
1 2
2
2
u1 + u22 =
h$, X1 (v)i + h$, X2 (v)i
2
2

1
2
2
$1 + $2
=
2


1
2
=
(ξ ∗ cos (θ) + η ∗ sin (θ)) + ϑ∗2
2

H(v, $) =

where {$1 , $2 , $3 } are the components of the covector $ in the dual basis of {X1 , X2 , X3 }. Hence the
Hamilton equations:
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Figure 15: The segments induce an illusory contour which can be perceived as a square or a circle. In
general, initial perception consists in a circle, but it can bifurcate after a certain period of sight.


∂H
∗
2
∗
ẋ = ∂ξ

∗ = ξ cos (θ) + η cos (θ) sin (θ)


2
∂H
∗
∗


ẏ = ∂η∗ = η sin (θ) + ξ cos (θ) sin (θ)



∂H
∗
θ̇ = ∂ϑ
∗ = ϑ
∂H
∗
˙
 ξ = − ∂x = 0




η̇ ∗ = − ∂H

∂y = 0

 ∗
∗
∗
∗
∗
ϑ̇ = − ∂H
∂θ = (ξ cos (θ) + η sin (θ)) (−ξ sin (θ) + η cos (θ))
The sub-Riemannian geodesics are the projections on VS of the solutions. As ξ ∗ = ξ0∗ and η ∗ = η0∗ are
constant, if one writes them (ξ0∗ , η0∗ ) = ρ0 eiβ0 , then ϑ̇∗ = 21 ρ20 sin (2 (θ − β0 )) and the constant Hamiltonian
H = 12 ρ20 cos2 (θ − β0 ) + ϑ∗2 yields the energy first integral ρ20 cos2 (θ − β0 ) + ϑ∗2 = c (with c = 1 if
H = 21 ) and the ODE for θ̇ (c, ρ0 and β0 are constants) θ̇2 = ϑ∗2 = c − ρ20 cos2 (θ − β0 ). For β0 = 0
(which is allowed by rotation invariance), the equations become:

2

 ẋ = ρ0 cos (θ)

ẏ = ρ0 cos (θ) sin (θ) = 21 ρ0 sin (2θ)
θ̇ = ϑ∗



θ̈ = ϑ̇∗ = 12 ρ20 sin (2θ)
For ρ0 = 1, 2θ = π − µ, and µ = 2ϕ = π − 2θ, one gets a pendulum equation µ̈ = − sin (µ) with first
integral ϕ̇2 + sin2 (ϕ). As
1
dϕ
dt = ± √ q
c 1 − 1 sin2 (ϕ)
c
the system can be explicitly integrated using elliptic functions.
A fundamental property of these geodesics is that, under certain conditions, when the deviation
from parallelism between the boundary conditions (a1 , θ1 ) and (a2 , θ2 ) becomes too wide, they become
singular and present some cusps. At the level of the underlying pendulum equation, this corresponds to
oscillating solutions. Yuri Sachkov and Igor Moiseev [87] studied these cusps and explicitly constructed
the sphere, the wave-front and the cut locus of the sub-Riemannian geometry of SE (2). Their complexity
is remarkable.
These singularities are very interesting and can perhaps explain an intriguing aspect of illusory contours, namely their bistability. Let’s consider for example the cross in figure 15. The segments induce
(with the cooperation of V 2 which induces orientations orthogonal to the segments at their end points)
an illusory contour which can be perceived as a square or a circle. If we look at the image for a sufficiently
long period the percepts spontaneously and periodically bifurcates from a case to the other one.
In the context of a variational explanation of illusory contours, this shows how two models can
compete: a geodesic model where the curvature is maximally spread out and, on the other side, a
piecewise linear model which concentrates all the curvature in some angular points (the curvature is
null everywhere except at these points where it is infinite). In the case of an illusory contour between
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(a1 , θ1 ) and (a2 , θ2 ), experimental data seem to show that, if the difference |θ1 − θ2 | exceeds a certain
threshold, the geodesic model is replaced by the piecewise linear model. We can formulate the conjecture
that this bifurcation of variational models occurs when the geodesics become singular because of the
emergence of cusps. In fact a cusp occurs when a geodesic has a “vertical” tangent, i.e. a tangent to the
fibre of the fibration πS : VS = R2 × S1 → R2 . But, in neurophysiological terms this means that some
“horizontal” excitatory connections between different hypercolumns must be identified with “vertical”
inhibitory connections internal to a single hypercolumn, which is not possible. Bi-modality could then
be caused by the fact that the period of fixation “stresses” the selected model and allows its bifurcation.
5.4.2

Elastica revisited

In section 3.3 we cited the elastica variational modelR [90] proposed in 1992 by David Mumford for illusory
contours. It consists in minimising an energy E = γ (ακ2 + β)ds where γ is a curve in R2 with element
of arc length ds.n For α = β = 1, its formulation
o as a control problem on the group G = SE (2) = VS
can be written

ẋ = cos (θ) , ẏ = sin (θ) , θ̇ = κ

where the derivatives are taken with respect to the arc

dθ
ds

is the curvature of γ. This model is defined in the base plane R2 with
length s and where κ =
Euclidean metric, and not with respect to the sub-Riemannian metric
p in G, because, in G, ds is not
the element of arc length. The element of arc length in G is dt = 1 + κ2 (s)ds and the curvature
ds
√ κ(s)2 satisfies the pendulum equation (with respect to s) κ̈G (s) = κG (s).
κG (s) = dθ(t(s))
= dθ
dt
ds dt =
1+κ (s)

Yuri Sachkov [110] investigated the elastica and compared them to the sub-Riemannian geodesics. The
problem is difficult because of the cusps. He later deepened his investigation with Ugo Boscain, Remco
Duits and Francesco Rossi [23].
We also saw in section 3.3 how David Mumford gave a stochastic interpretation of his elastica model
by supposing that the curvature κ(s) of γ in R2 is a white noise and that the angle θ(s) is therefore
a
theory, this is equivalent to consider the stochastic process
n Brownian motion. In terms of control
o
ẋ = cos (θ) , ẏ = sin (θ) , θ̇ ∼ N 0, σ 2
where θ̇ is now a normal random Gaussian variable of mean 0
and variance σ 2 . This process has been studied by Gonzalo Sanguinetti (in his thesis supervised by
G. Citti and A. Sarti) and also by Remco Duits and Markus van Almsick. It is no longer a mere
diffusion but an advection-diffusion mechanism described by a Fokker-Planck equation. The advection
(the drift) occurs along the X1 direction and the diffusion of θ occurs along the X2 direction. The
fundamental solution of the Fokker-Planck equation being too complex in the VS model, the authors
come back to the first order approximation of G = SE(2) (its tangent cone or nilpotentisation), that is
to our VJ model based on the polarised Heisenberg group. Let v0 = (x0 , y0 , θ0 ) = (a0 , θ0 ) be an initial
point in G and let us follow a random walk starting at v0 . Whithout noise, the trajectory is of course
deterministic and is a straight line satisfying the principle of strict coaxiality (without any curvature):
{θ = θ0 , x = x0 + cos (θ0 ) t, y = y0 + sin (θ0 ) t}. If v = (x, y, θ) = (a, θ) is a generic element of G and if
P (v, t) is the probability to find the random walk at v at time t, the evolution equation for P with initial
condition P0 (v) = P (v, 0) is


∂P
∂P
∂P
σ2 ∂ 2 P
(v, t) = − cos (θ)
(v, t) + sin (θ)
(v, t) +
(v, t)
∂t
∂x
∂y
2 ∂θ2
∂P
σ2
2
(v, t) = −X1 (P (v, t)) +
(X2 ) (P (v, t)) .
∂t
2
For the VJ model where θ is small, θ ∼ tan (θ) = p, the Fokker-Planck equation is therefore


∂P
∂P
∂P
σ2 ∂ 2 P
(v, t) = −
(v, t) + p
(v, t) +
(v, t)
∂t
∂x
∂y
2 ∂p2
The authors solve this equation and, to complete a contour with boundary conditions v0 = (a0 , θ0 ) and
v1 = (a1 , θ1 ), consider two direction processes, a forward process starting at v0 and a backward process
starting at v1 . They compute the probability of collision of these two random walks.
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5.4.3

Sub-Riemannian diffusion, heat kernel, and noncommutative harmonic analysis (Gauthier, Boscain)

We underlined in section 5.1.3 the importance and the difficulties of the sub-Riemannian diffusion techniques. We evoked the works of some specialists and also the neurogeometrical applications made by
G. Citti and A. Sarti in this domain. These techniques belong to the general theory of heat kernels on
Riemannian and sub-Riemannian manifolds. The specialised literature on them is enormous. We already
cited Rothschild-Stein [109] and Nagel-Stein-Wainger [92]. Let us cite also Davies [44], Varopoulos [136],
Saloff-Coste [111], Kusuoka-Stroock [78], Coulhon-Grigor’yan [40], and ter Elst-Robinson [127].
On their side, A. Agrachev, J-P. Gauthier, U. Boscain and their Ph.D. student F. Rossi, following
previous results by Hulanicki [71], gave an “intrinsic” formulation of the sub-Riemannian Laplacian
and proved in 2009 [5] a general theorem for the unimodular Lie groups (i.e. whose Haar measures,
invariant to the left and to the right, are identical) of dimension 3 endowed with a left-invariant subRiemannian geometry. They use the noncommutative generalised Fourier transform (GFT) defined on the
dual space G∗ of G (the set of irreducible unitary representations in Hilbert spaces) to compute the heat
kernel associated to the hypoelliptic Laplacian ∆K = X12 + X22 , i.e. the sum of squares of the generators
{X1 , X2 } of the distribution K. The Laplacian is hypoelliptic due to the fact that K is bracket generating,
i.e. satisfies Hörmander condition.
The use of the Fourier transform on groups to compute heat kernels and fundamental solutions of
diffusion equations has a long history. The interested reader could consult the already cited pater of
Geller [58], Christ et al. [35] and more recently the book of Calin-Chang-Furutani-Iwasaki Heat Kernels
for Elliptic and Sub-Elliptic Operators [30].
In the case of the polarised Heisenberg Lie group VJ , we have seen in section 4.9.6 that, according to
the Stone-von Neumann theorem, the non trivial unirreps are group morphisms πλ from VJ to the group
U (H) of unitary automorphisms of the Hilbert space H = L2 (R, C), morphisms parametrised by a real
scalar λ 6= 0. They are of the form (u (s) ∈ H):
πλ

: VJ
v

→ U (H)
7→ πλ (v)

: H
→ H
u (s) 7→ eiλ(y+xs) u(s + p) .

There exists a measure on the dual sace V∗J , called the Plancherel measure, given by dP (λ) = λdλ which
enables making integrations. To compute the Fourier transform of the sub-Riemannian Laplacian ∆K ,
one looks at the action of the differential of the unirreps on the left-invariant vector fields X on VJ , which
are given by the left translation of vectors X (0) of the Lie algebra VJ of VJ . By definition,
dπλ : X → dπλ (X) :=

d
dt

πλ etX



t=0

λ

ci = dπλ (Xi ) . Computations yield X1 (0) = (1, 0, 0), etX1 = (t, 0, 0),
and one gets the Fourier transform X
tX1
iλts
πλ e
u (s) = e u (s),

and X2 (0) = (0, 0, 1), etX2


λ
c1 u (s) = dπλ (X1 ) u (s) = d
X
πλ etX1 u (s)
dt t=0
d
=
eiλts u (s) = iλsu (s)
dt t=0

= (0, 0, t), πλ etX2 u (s) = u (s + t),

λ
c2 u (s) = dπλ (X2 ) u (s) = d
πλ etX2 u (s)
X
dt t=0
du (s)
d
=
u (s + t) =
.
dt t=0
ds
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The GFT of the sub-Riemannian Laplacian is therefore the Hilbert sum (integral on λ with the Plancherel
λ
d
measure dP (λ) = λdλ) of the ∆
K with
λ

d
∆
K u (s) =



 λ 2 
λ 2
d2 u (s)
c1
c2
− λ2 s2 u (s) .
X
+ X
u (s) =
ds2

This equation is nothing else than the equation of the harmonic oscillator.
The heat kernel is then
Z


dλ
P (v, t) =
T r et∆K πλ (v) dP (λ) , t ≥ 0 .
V∗
J

 λ
λ
d
If
∆
K have discrete spectrum and a complete set of normalised eigenfunctions un with eigenvalues
 the
αnλ then
!
Z
X λ

αn t
λ
λ
dP (λ) , t ≥ 0 .
P (v, t) =
e
un , πλ (v) un
V∗
J

n

It is the case here. The eigenfunctions of the harmonic oscillator are well know and satisfy:
d2 uλn (s)
− λ2 s2 uλn (s) = αnλ uλn (s)
ds2
with αnλ = − 2n+1
λ . They are essentially the Hermite functions scaled by λ:
√ 
√ − 1 1
s2
λs
uλn (s) = 2n n! π 2 λ 4 e−λ 2 Hn
Hn being the n-th Hermite polynomial.
In the case of SE (2) = VS , A. Agrachev, J-P. Gauthier, U. Boscain, and F. Rossi found explicit
∗
formulas for the
 heat kernel. The dual VS of VS is this time the set of unirreps in the Hilbert space
2
1
H = L S , C . These unirreps are parametrised by a positive real λ and are of the form:
Xλ

: VS
v

→
7
→

U (H)
X λ (v)

: H
→ H
ψ (θ) 7→ eiλ(x sin(θ)+y cos(θ)) ψ (θ + α) .

The Plancherel
measure on V∗S is still dP (λ) = λdλ. As we have previously explained it, we get

X λ etX1 ψ (θ) = eiλt sin(θ) ψ (θ) and

λ
c1 ψ (θ) = dX λ (X1 ) ψ (θ) = d
X
X λ etX1 ψ (θ)
dt t=0
d
=
eiλt sin(θ) ψ (θ) = iλ sin (θ) ψ (θ)
dt t=0

and X λ etX2 ψ (θ) = ψ (θ + t) and

λ
c2 ψ (θ) = dX λ (X2 ) ψ (θ) = d
X
X λ etX2 ψ (θ)
dt t=0
dψ (θ)
d
.
=
ψ (θ + t) =
dt t=0
dθ
λ

d
The GFT of the sub-Riemannian Laplacian is therefore the Hilbert sum of the ∆
K with
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λ

d
∆
K ψ (θ) =



c1
X


λ 2

 λ 2 
d2 ψ (θ)
c2
+ X
ψ (θ) =
− λ2 sin2 (θ) ψ (θ)
dθ2

which is nothing else than the Mathieu equation. The heat kernel is
Z


dλ
P (v, t) =
T r et∆K X λ (v) dP (λ) , t ≥ 0 .
V∗
S

 λ
λ
d
The
∆
have
discrete
spectrum
and
a
complete
set
of
normalised
eigenfunctions
ψn with eigenvalues
K
 λ
αn and therefore
!
Z
X λ

αn t
λ
λ
λ
P (v, t) =
e
ψn , X (v) ψn
dP (λ) , t ≥ 0 .
V∗
S

n

The 2π-periodic eigenfunctions of the Mathieu equation satisfy:
d2 ψ (θ)
− λ2 sin2 (θ) ψ (θ) = Eψ (θ)
dθ2
and, as sin2 (θ) = 21 (1 − cos (2θ)), this means:
λ2
d2 ψ (θ) λ2
−
ψ
(θ)
−
Eψ
(θ)
+
cos (2θ) ψ (θ) = 0
dθ2
2
2
 2

2
d ψ (θ)
λ
λ2
+
(a
−
2q
cos
(2θ))
ψ
(θ)
=
0,
with
a
=
−
+
E
and
q
=
−
.
dθ2
2
4
The normalised 2π-periodic eigenfunctions are known: they are even or odd and denoted cen(θ, q) and
sen(θ, q). The associated an (q) and bn (q) are calledcharacteristic
values. There can exist parametric

λ2
2
resonance phenomena (Arnold tongues) when a = − 2 + E = n .
The authors solved also the problem for SU (2), SL (2) and SO (3).
The sub-Riemannian diffusion is highly anisotropic since it is restricted to an angular diffusion of θ
and a spatial diffusion only along the X1 direction. It is strongly constrained by the “good continuation”
Gestalt law and its difference with classical (Euclidean) diffusion is spectacular. The figure 16, due to
Jean-Paul Gauthier, starts with the image of an eye masked by a white grid and applies sub-Riemannian
diffusion until the grid has vanished. In spite of this very important diffusion the geometry of the image
remains quite excellent.
During Fall 2014, U. Boscain and L. Rifford will organise a special Trimester at the IHP in Paris on
Geometry, Analysis and Dynamics on Sub-Riemannian Manifolds. Several geometers we have cited will
be present: Montgomery, Bryant, Ambrosio, Agrachev, Gauthier, Pansu, Bellaı̈che, and many others. A
workshop on Neurogeometry will be organised with G. Citti and A. Sarti.

5.5

Confluence between VJ and VS models

We analysed two neurogeometrical models of V 1, VJ and VS . It is interesting to notice that one can
easily construct an interpolation between the two models. Mohammed Brahim Zahaf and Dominique
Manchon [143] constructed such an interpolation given by a family of models Vα and studied the confluence of the corresponding differential equations in the Fourier space. The model Vα can be sum∂
∂
∂
∂
marised by the following table: X1α = cos (θ) ∂x
+ α1 sin (αθ) ∂y
, X2α = ∂θ
, X3α = −α sin (αθ) ∂x
+
R
∂
α
α
1
α
α
α
2 α
α
α
α
cos (θ) ∂y , [X1 , X2 ] = −X3 , [X2 , X3 ] = α X1 , [X1 , X3 ] = 0, V = SEα (2) with Sα = 2πα−1 Z ,

ˆ λ : ψ 00 (θ) − λ22 sin2 (αθ) ψ (θ),
H = L2 S1α , C , X1α (ψ (θ))
= iλα−1 sin (αθ) ψ (θ), X2α (ψ (θ)) = ψ 0 (θ), ∆
α

2
ψ 00 (θ) + µ − αλ2 sin2 (αθ) ψ (θ) = 0. For α = 1, V1 yields the VS model and when α → 0, for small θ
denoted p, V0 yields the VJ model.
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Figure 16: Sub-Riemannian diffusion in VS according to Jean-Paul Gauthier. The initial image is an eye
masked by a white grid. Sub-Riemannian diffusion is applied until the grid has vanished.

6

Conclusion

In this survey, we tried to situate the elements of neurogeometry in their context. We summarised their
principles both on the experimental neurophysiological plane and on the mathematical one. We showed
how neurogeometry connects two mathematical worlds: (i) the one of perceptual geometry, in reference
to Thom, Zeeman, Berry, Koenderink and Mumford, (ii) the one of neurogeometry in its proper sense,
modelling the functional architectures in terms of phase-dislocations, Lie groups, Carnot groups, Cartan
connections, sub-Riemannian geometry, wavelets, coherent states and noncommutative harmonic analysis
in reference to Citti and Sarti, Agrachev, Faugeras and Mallat.
Everything remains to be done in this field. First to “go down” to the underlying microphysical
level of the individual neurons and their spikes, governed by equations of Hodgkin-Huxley type. In fact,
Neurogeometry works at a meso-neuronal level. Then to “go up” to higher visual areas of the extrastriate
cortex, from V 2 to M T (we focused on the striate area V 1). However, in spite of the very partial character
of these results, we hope we showed how we can start to understand the constitution of an external and
“transcendent” perceptual geometry from internal and “immanent” neurogeometrical algorithms.
Sometimes we proposed a parallel with fundamental physics. It is more than a vague analogy. We
think that, as Gestalt theoreticians anticipated in a speculative way, perception depends upon a “field
theory” and we tried to present some mathematical structures which enable to conceptualise and compute
it.
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[13] Berry, M.V., “Optical Currents”, Journal of Optics A: Pure and Applied Optics, 11/9 (2009) 094001.
[14] Berry, M.V., Dennis, M.R., Phase singularities in isotropic random waves, Proceedings of the Royal
Socety of London A, 456 (2000) 2059-2079.
[15] Berry, M.V., Dennis, M.R., Topological events on wave dislocation lines: birth and death of loops,
and reconnection, Journal of Physics, A: Mathematical and Theoretical, 40 (2007) 65-74.
[16] Berry, M.V., Dennis, M.R., Reconnections of wave vortex lines, European Journal of Physics, 33
(2012) 723-731.
[17] Berthoz, A., La simplexité, Odile Jacob, Paris, 2009.
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Mathématique de France, Paris, 2001.
[22] Boscain, U., Duplaix, J., Gauthier, J-P., Rossi, F., Anthropomorphic image reconstruction via
hypoelliptic diffusion, arXiv:1006.3735v6 (2012).
[23] Boscain, U., Duits, R., Rossi, F., Sachkov, Y., Curve cuspless reconstruction via sub-Riemannian
geometry, arXiv: 1203.3089v4 (2013).
[24] Boscain, U., Chertovskih, R., Gauthier, J-P., Remizov, A., Hypoelliptic diffusion and human vision,
2013 (to appear).
[25] Bosking, W.H., Zhang, Y., Schoenfield, B., Fitzpatrick, D., Orientation Selectivity and the Arrangement of Horizontal Connections in Tree Shrew Striate Cortex, Journal of Neuroscience 17, 6
(1997) 2112-2127.

60

[26] Brakke, K.A., The motion of a surface by its mean curvature, Princeton University Press, Princeton,
NJ, 1978.
[27] Bressloff, P., Cowan, J., Golubitsky, M., Thomas, P., Wiener, M., Geometric visual hallucinations,
Euclidean symmetry and the functional architecture of striate cortex, Philosophical Transactions
of the Royal Society of London B, 356 (2001) 299-330.
[28] Bressloff, P., Cowan, J., The functional geometry of local and horizontal connections in a model of
V 1, Neurogeometry and Visual Perception (J. Petitot, J. Lorenceau, eds.), Journal of PhysiologyParis, 97, 2-3 (2003) 221-236.
[29] Brockett, R., Control Theory and Singular Riemannian Geometry, Springer, New York, 1981.
[30] Calin, O., Chang, D.C., Furutani, K., Iwasaki, C., Heat Kernelks for Elliptic and Sub-elliptic
Operators: Methods and Techniques, Springer, New York, 2011.
[31] Capogna, L., Danielli, D., Pauls, S., Tyson, J., An Introduction to the Heisenberg Group and to the
sub-Riemannian Isoperimetric Problem, Birkhaüser, Berlin, 2007.
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